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Abstract
Central to the description of plasticity in disordered solids is the development
of constitutive laws capable of encoding the necessary atomistic processes respon-
sible for deformation within continuum-level field theories. Recently considerations
of non-equilibrium thermodynamics have shown that an effective temperature may
be essential in describing the degree of disorder of the evolving amorphous structure
under an imposed shear. This thesis presents theoretical and computational analyses
of the deformation of two distinct glassy materials. In the case of a simple yield
stress fluid undergoing Couette shear, an effective-temperature model for transient
shear-band formation is presented and quantitatively compared with the results of
rheological experiments. Then molecular dynamics simulations of a metallic glass are
used to propose a methodology for coarse-graining discrete, atomic energies into an
effective-temperature field. A strain criterion is established and used to distinguish
the coarse-grained degrees-of-freedom inside the emerging shear band from those of
the surrounding material. The statistics of the potential energy are used to de-
fine a signal-to-noise ratio as a metric to assess the influence of the coarse-graining
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lengthscale on shear-band identification. We investigate the effect of different coarse-
graining lengthscales on the initial condition to a two-dimensional, numerical imple-
mentation of the shear transformation zone (STZ) theory. Direct comparisons of the
evolving amorphous structure and the macroscopic response of the atomistic data
and the continuum model are made.
Primary Reader: Michael L. Falk
Secondary Reader: Michael D. Shields
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Kein Material überwindet so sehr die Materie wie das Glas.
Das Glas ist ein völlig neues, reines Material,
in welchem die Material ein- und umgeschmolzen ist.
Von allen Stoffen, die wir haben wirkt es am elementarsten.
Es spiegelt den Himmel und die Sonne,
es ist wie lichtes Wasser,
und es hat einen Reichtum der Möglichkeiten
an Farbe, Form, Charakter,
der wirklich nicht zu erschöpfen ist,
und der keinen Menschen gleichgültig lassen kann.
Alle anderen Stoffe wirken neben dem Glase abgeleitet
und wie Reste, wirklich wie Menschenprodukte.
Das Glas wirkt außermenschlich, als mehr denn menschlich.




The microscopic basis of amorphous plasticity is still somewhat unsettled. Unlike
the theory of dislocations in crystalline solids, no such simple or consensus description
even presently exists.1 A leading candidate for a theory of amorphous plasticity is
based on the notion that the analog to dislocation formation and movement is the
local transitional rearrangements of small zones of about 10 atoms or molecules.2
Continuum-level field theories, on the other hand, provide a means of characterizing
mechanical deformation in a material through a constitutive law or constitutive re-
lation, an equation or set of equations encoding the underlying microscopic physics
through the evolution of one or more continuous fields with the goal of accurate,
quantitative predictions. In the case of plastic deformation, the complex and inher-
ently irreversible changes occurring in the microstructure of the deforming material
pose a significant challenge for the constitutive modeling of solids. Non-crystalline
2
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or “amorphous” materials in particular, such as metallic glasses, silicates, foams, col-
loids, gels, and granular media posses additional and unique complications: They lack
periodicity and long-range order in their atomic network, and are thermodynamically
out of equilibrium. As such the development of continuum models for amorphous
materials which are both computationally efficient and predictively accurate remains
a long sought-after goal.
Continuum mechanics is essentially a theory that describes a body undergoing “a
motion”, which can be rigid, where the positions between all material points within
the continuum remain at a fix relative distance, or deformable where these relative
distances change.3 In the latter case, the need for a constitutive law, in addition to
Newton’s Laws, is required to determine how these distances between material points
change. The constitutive law is a grand synthesis of the underlying atomistic mech-
anisms responsible for these changes, and the proper formulation of such a law must
provide a means of reducing the vast number of degrees of freedom ∼ 1023 to a single
differential equation (or set of a few equations) capable of capturing the changes of
the system to within an acceptable level of accuracy. Because mechanical deforma-
tion is an inherently non-equilibrium process, the difficulty of extending the familiar
equilibrium statistical mechanics to a system far from equilibrium, is necessary to
achieve such an acceptable continuum description. All attempts so far have been nec-
essarily phenomenological, with the introduction of various order-parameters in an
attempt to overcome the limitations presented by the extraordinarily complex config-
3
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urational phase-space of a glass which largely prohibits the direct calculations of the
glassy state from any purely fundamental physics. Within the last ten years however,
a thermodynamics of non-equilibrium solids has been developed with the particular
goal in mind of connecting the disordered structure of a glassy to its macroscopic
mechanical response when it is driven further out-of-equilibrium through a deforma-
tion mode like applied shear. This link between the atomic structure and a set of
dynamics that accounts for the irreversible changes taking place in the glass is made
through the temperature of the system.4–6 Temperature in amorphous materials is a
far more subtle quantity than is usually ever considered in the study of equilibrium
systems.
Motivation for the work contained in this thesis comes from both fundamental
and applied considerations. Amorphous solids have many desirable properties that
make them attractive for potential engineering applications and designs, but suffer
from a complex and poorly understood evolving microstructure when deforming. For
example, the advantage of the high strengths of metallic glasses is countered by the
catastrophic brittle fracture that precipitates their failure. Similarly yield stress fluids
are ubiquitous materials used in household and cosmetic products and are essential
to the pharmaceutical market, however they exhibit a range of complex behavior im-
pacting industrial advances. Predictive and accurate constitutive equations for these
materials would undoubtedly lead to new engineering feats and expand industrial
possibilities. From the perspective of the fundamental physics of materials, a well-
4
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formulated constitutive law would necessarily come from an understanding of the
connection between the atomistic and micromechanical mechanisms of plasticity, as
well as from comparisons with experimental measurements.
In Chapter 2 of this thesis the effective temperature formalism for disordered
materials in the context of the shear transformation zone (STZ) theory is reviewed.
Chapter 3 adapts this effective-temperature theory to the phenomenon of transient
shear banding in a yield stress fluid, and quantitative comparisons with the measure-
ments of corresponding rheological experiments are made. Then in Chapter 4 the
phenomenon of shear banding in metallic glass is studied through atomistic simula-
tions and a two-dimensional numerical implementation of the effective-temperature





plasticity and the role of an
effective temperature
As discussed in Chapter 1 amorphous materials include a wide variety of seemingly
distinct materials including metallic glasses, where the constituent elements interact
through metallic bonds and the structure is like a random packing of spheres, and
polymeric gels where the arrangement of the molecules can form intricate honeycomb
regions that are several microns in size. The unifying theme of all of these systems
however is that the organization of the atoms or molecules in their structures is
distinctly different from what is found in crystalline materials.1 In a crystalline solid,
atoms (or groups of atoms or molecules) are arranged on a lattice so that a single unit
6
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cell is all that is needed to describe the structure. A crystal structure possesses a high
degree of symmetry that is well defined, as the unit cell simply repeats itself in every
direction in a periodic fashion. Most metals and covalently bonded solids have this
type of so-called “long-range order.” Non-crystalline solids, like the gels and metallic
glasses mentioned above, lack this long-range order and are said to be “amorphous”
(literally,’without form’). However, if we restrict ourselves to very small scales, e.g.
a few atomic diameters, even a liquid will exhibit some degree of order reminiscent
of a crystal, and amorphous materials have been found to have a great deal of short-
range—even medium-range order. even though they can have important short-range
order that is quite well defined. Still, the absence of long-range order implies that
there is no precise unit cell up which a physical theory can be constructed to predict
how the structure might change in the presence of some external agent for instance.7
While amorphous materials have long since presented a great scientific challenge
due to the nature of their disordered structure, a great deal of progress has been made
with regard to a theoretical foundation. More recently an increased interest in these
materials has arisen because of their unique properties which make them particularly
suitable for specific applications. The lack of grain structure in metallic systems, for
instance, has made them ideal for microelectromechanical systems8 and protective
coatings.9 On the other hand investigations into the complex rheology of gels and
colloids have been essential to the availability of products and processing methods of
the pharmaceutical and cosmetic industries.10 Despite this, there is still a lack of an
7
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agreed upon approach for characterizing their mechanical behavior, including their
modes of deformation and failure mechanisms. In one sense this seems strange be-
cause amorphous materials find themselves pinned between two extremes, crystalline
plasticity and the Navier-Stokes theory of fluids, both of which provide complete (or
relatively so) descriptions within their respective domains. At the molecular level,
amorphous solids are structurally very similar to fluids in that they share a random
placement of atoms over large lengthscales. But they also exhibit properties that
define solidified media such as rigidity, through elastic moduli, and perhaps most
importantly, a well-defined yield (flow) stress.11,12
A subset of amorphous materials is characterized by an important additional ther-
modynamic distinction in addition to the non-crystalline structure; materials in this
subset are known as glasses. Perhaps the clearest definition of a glass comes from how
a glass is created from a liquid that is in thermodynamic equilibrium at some high
temperature T . When this liquid is cooled from T , it may either crystallize when the
melting temperature Tm is reached, or instead become supercooled. Figure 2.1 shows
the temperature dependence of the specific volume, entropy or enthalpy, and other
properties under constant pressure as such a liquid is cooled during this process. The
particles (atoms, molecules or ions) forming crystalline materials are arranged in or-
derly repeating patterns, with elementary building blocks (unit cells) extending to all
three spatial dimensions. The structures of crystalline solids depend (predictably) on
the chemistry of the material and the conditions of solidification (starting tempera-
8
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Figure 2.1: The temperature dependence of the specific volume (v), entropy (S),
or enthalpy (H) of glasses and crystals. (b) The temperature dependence of the
coefficient of thermal expansion α, heat capacity Cp and viscosity (η) near the glass
transition temperature Tg.
13
ture and cooling rate, ambient pressure, etc.), and can be described easily in detail by
combining crystallographic notions with diffraction/scattering data.12,13 Supercooled
liquids, on the other hand, demonstrate a rather intriguing behavior. Upon further
cooling below Tm, their particles progressively lose translational mobility, so that
around the glass transition temperature Tg rearrangements to regular lattice sites are
no longer possible. As the liquid is cooled through Tg, its viscosity increases by as
much as 17 orders of magnitude. This phenomenon is distinctive of the formation of
a glass, and is referred to as the “glass transition”.
The exact nature of the glass transition remains controversial, and is considered
one of the significant, long-standing problems in classical physics. There is not a
9
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clear agreement as to whether the glass transition is indeed a genuine phase transi-
tion or rather it is a dynamical arrest. When a transition takes place between two
distinct phases, the change of heat capacity and other thermodynamic quantities is
consistently understood in a theory of phase transitions.14 The glass transition essen-
tially describes a disordered system, a liquid, forming a similarly disordered solid, a
glass, without a transition into a distinctly different phase, and yet the heat capacity
changes with a characteristic jump at Tg, as seen in Fig. 2.1b. The jump is consid-
ered a hallmark of the glass transition, and defines glass transition temperature Tg.
The heat capacity jump immediately presents a problem that is at the heart of glass
transition: how can the jump be understood if there is no distinct second phase?
Alternatively the glass transition is a kinetically controlled phenomenon in the sense
that it exhibits a range of Tg depending on the cooling rate with a maximum Tg at
the highest rates of cooling.15–17
A glass exhibits a long-range structure close to that observed in the supercooled
fluid phase, while displaying solid-like mechanical properties on the timescale of prac-
tical observation. Both in a glass and in a crystal it is only the vibrational motions
of the atoms or molecules and some rotational motions that remain active whereas
translational motion is essentially arrested. However, a characterization of amorphous
solids based solely on the movement and arrangement of the microscopic ingredients
is insufficient, in that it overlooks an import distinction: not all amorphous materi-
als are glass formers. Glasses are thermodynamically distinct from the overarching
10
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Figure 2.2: Schematic variations with respect to temperature, T , of molar Gibbs
free energy F of crystal (C), liquid (L), amorphous solid (a) and glass (b). TCL and
TAL are the melting temperatures of the crystal and amorphous solid, respectively.
TGL is the glass transition temperature. Two dashed curves are shown for a-solid
and for glass to indicate that the free energy of these non-equilibrium materials is
history-dependent.18
category of amorphous solids. Figure 2.2, illustrates the thermodynamic difference
between a genuine glass and a material with an amorphous structure, but has not
gone through a glass transition. The most important difference between an amor-
phous solid and a glass is that the free energy of an amorphous solid is less than that
of the liquid phase below the melting temperature of the amorphous solid, while for
a glass this energy is higher than that of the liquid. More generally the free-energy
surface of a glass is tangential to the free energy surface of the liquid at the glass
11
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transition temperature and pressure, and at any other temperature and pressure,
the free energy of the glass is greater than that of the liquid. Consequently there is
no discontinuity in the derivatives (entropy or volume), but there are discontinuities
in the second derivatives of the free energy (heat capacity, coefficient of expansion,
and compressibility) at the liquid-to-glass transition which makes the glass transition
similar to a second-order phase transition. Free energy curves, like those shown in
Fig 2.2 for amorphous solids have been calculated for amorphous Si19 and for amor-
phous Ge20 from their respective heat capacity data. The multiple free-energy curves
for the amorphous solid and the glass in Fig. 2.2 indicate a feature that distinguishes
them from the liquid and crystal phases. While free energy curves are unique for
the crystal and liquid states, the free energy curves for amorphous solids and glasses
are not; they are history dependent, and a different curve exists for each method of
formation.
In general glasses are most frequently produced by a melt that is cooled below its
glass-transition temperature sufficiently fast to avoid formation of crystalline phases.
Metallic glasses, in particular, need to be cooled quickly to avoid crystallization. Some
specific experimental methods of glass formation include:
• quenching from melt21
• vapor decomposition22
• solid-state reactions (thermochemical and mechanical methods)23,24
12
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• liquid-state reactions (sol-gel method)25,26
• irradiation of crystalline solids (radiation amorphization).27,28
The most quintessential of these glass-forming methods is the rapid cooling of a
molten material leading to an apparent solidification while preserving the structural
disorder, mentioned above. Glasses formed in this way are often referred to as molec-
ular glasses. A molecular glass is consequently arrested in a high-free energy state
and falls out of thermodynamic equilibrium. However, in the case of some materials
like colloids, gels, and foams, often referred to as “soft glassy materials”, the con-
centration of the constituents leads to a similar kind of arrest. A rapid increase in
the concentration of constituents causes structural arrest in colloidal systems while
preserving the disorder associated with the liquid state. More specifically, the glass
transition in colloidal suspensions can be achieved by increasing the volume fraction
φ.29–31 This is in contrast to supercooled liquids which can be driven towards their
glass transition by rapidly quenching their temperatures. The resultant soft, solid-like
substance is typically represented as a “colloidal glass” when compared with a molec-
ular glass. Molecular glasses, like metallic glasses, are generally more easily formed
when the composition of the material is more complex with many different species of
elements. However, the rapid temperature decrease during the quenching process is
more likely to be the dominant factor for the formation of such glasses, since it has
been shown that simple, single-element metals can also form a stable glass.32
These two different ways to form a glass illustrate the natural desire to extend the
13
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notion of a “glass transition” from a transformation characterized by the change in
properties at a temperature Tg to a more general concept involving parameters that
are not necessarily thermodynamic. As already discussed, a liquid with low viscosity
solidifies into a glass when the temperature is lowered. But a flowing foam can
becomes rigid when the applied stress is lowered, and a colloidal suspension loses the
ability to flow when the density is increased. In each of these cases, a different control
parameter is varied to bring the system into the rigid phase, yet the structure does not
change appreciably at the transition. Both phases are amorphous, and it is difficult
to specify an unambiguous order parameter to tell the two apart. Just as there are
similarities between how different fluids nucleate into a crystal, there are similarities
in the way different systems lose the ability to flow while still remaining amorphous.
A relatively new framework known as “jamming” has been developed to reveal the
connections between these seemingly disparate phenomena, where the temperature,
inverse-density, and applied stress together determine when a material is jammed
and when it flows.33 In the context of jamming, the traditional glass-transition is
a special case where one only considers the relationship between temperature and
inverse-density.
A unifying feature of glassy materials is their non-ergodic nature. In statistical
mechanics, the term “ergodic” refers to an equivalence of the time and ensemble
averages of the properties of a system. Ergodicity is an essential assumption in
equilibrium statistical mechanics. In the case of glasses however, the ensemble average
14
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of certain thermodynamic properties can be different from the corresponding time
average. For example, an ensemble average includes frozen-in fluctuations that may
not be present in a time average of the same property.34–36 For any experiment,
the question of ergodicity is really a question of timescale. Specifically, there are
two relevant timescales of interest: an internal relaxation timescale τint on which the
system loses memory of its preceding states, and an external observation timescale






in honor of the prophetess, Deborah, who sings “...the mountains flowed before the
Lord...”(Judges 5:5). Mountains, like glasses, have analogous timescales to human
observers. Figure 2.3a summarizes D at different stages during the formation of a
glass by quenching a liquid. A D > 1 implies a non-ergodic system, since there is
insufficient time for the system to equilibrate during the time of measurement. On the
other hand, D < 1 indicates that the system has sufficient time to relax to equilibrium
during the observation time window, implying that the condition of ergodicity can
be satisfied. The fundamental difference between a liquid and its corresponding glass
is that the liquid is ergodic with D < 1, while the glass is inherently non-ergodic
with D > 1. The glass transition occurs at D = 1 and constitutes a change from an
ergodic liquid phase to a non-ergodic glassy state.36
The formation of a glass involves freezing the kinetic processes that enable ther-
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Figure 2.3: The glass transition involves a continuous breakdown of ergodicity as
the ergodic liquid at high temperature becomes trapped in a subset of configura-
tional phase space in the nonergodic glassy state at low temperatures. (b) The glass
transition is termed a partitioning process since configurational degrees of freedom
are lost as the system becomes kinetically trapped in the non-ergodic glassy state.
The opposite process, structural relaxation, involves the spontaneous lifting of this
kinetic constraint, allowing the system to explore additional configurational degrees
of freedom. This is termed a unifying process. Figure directly reproduced from.36
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modynamic equilibrium and ergodicity of the statistical mechanical phase space. A
very interesting feature of glasses, however, is that their properties change with time,
through a process called “aging” or relaxation. As Fig. 2.3b illustrates the relation-
ship between glass formation and glass relaxation is an inverse, where relaxation is an
attempt by the structure to evolve towards the equilibrium liquid phase and thereby
lowering it’s free energy. Aging is generally only possible if the constituents have
sufficient mobility for the necessary molecular rearrangements. The rate of aging
gradually slows down with time.10,38 Temperature is known to have a significant ef-
fect upon aging, and the process of aging is usually faster at higher temperatures due
to enhanced thermal energy leading to higher mobilities.10 Moreover, the process of
aging itself can be reversed. For glassy materials in which aging is present, a defor-
mation field can reverse aging by destroying the structures evolved during the aging
and inducing mobility among the constituting entities. This process is known as re-
juvenation.39 Aging in the presence of deformation is generally very slow compared
to conditions where the aging is the only relevant timescale. Nonetheless the effects
of aging, rejuvenation, and stress relaxation are important aspects of the rheology of
glassy materials.40,41
A complete description of deformation in amorphous solids is still a work in
progress, although significant strides have been made in terms of both a microscopic
and continuum-level understanding. The disordered structure of glasses and other
amorphous materials is a rich and complex realm, and many of the ideas, both re-
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viewed and presented by this thesis, have emerged through a development of im-
portant new physics for glassy phenomena. While amorphous solids are essentially
indistinguishable from fluids in their microscopic view, they are unlike fluids in that
they exhibit a yield stress below which they respond elastically to external forces,
while fluids flow under any external strain. Once an amorphous solid is subjected to
a stress that exceeds the yield stress, it can flow plastically in a manner that depends
on the temperature, the shear-rate, and the density.42 Some of the first investiga-
tions of amorphous deformation were bubble raft experiments that were used as an
analog for the atomic-scale structure of metallic glass. These experiments lead to the
realization that localized clusters of molecules undergo irreversible rearrangements
in response to applied shear stresses; these clusters were originally named “shear
transformations”.43–45 In a very rough sense, these rearrangements in amorphous
materials are believed to play the role of dislocations in crystals by being the agents
of plastic deformation.2 Early theoretical developments largely centered around a
theory of “free volume” which provided a means of characterizing the liquid and glass
phases, and posited that an increase in free volume is associated with the glass-to-
liquid transition.46,47 These ideas were extend to provide detailed dynamics for the
change in free volume and how it connected to “flow defects” in the context of metal-
lic glasses,48 and the constitutive models for amorphous polymers.49,50 All of these
theories have a number of features in common, perhaps most importantly they be-
gin with a stress-assisted thermal activation Eyring formalism51 as the basis for the
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molecular rearrangements occurring during plastic deformation.
The advent of modern computational capabilities has been perhaps the most im-
portant tool used to propel investigators towards a theory of amorphous plasticity.
Large-scale atomistic simulations, e.g. Molecular Dynamics (MD), have revealed
many details about the deformation mechanisms in amorphous materials particularly
in terms of local, short-range structure and orientational correlations.52–60 Other
more recent simulations have suggested that the plastic events in the amorphous ma-
terial are composed of localized rearrangements which organize into lines of slip61
with particular scaling properties, and related avalanche models based on bursts of
spatially localized plastic activity.62–64 Mesoscopic approaches have been proposed
based on the time-dependent Ginzburg-Landau theory,65 as well as others that have
used Markovian stochastic processes and the dynamic Monte Carlo method to simu-
late the effect of local molecular rearrangements of atoms.66 Many of these ideas have
proliferated in recent years and have been extended across the spectrum of the many
different types of amorphous systems in an effort to help unify the field. For example
an elasto-plastic model for yield stress fluids that is also based on collective plastic
events as well as a microscopic yield stress has been used to study the resulting spa-
tiotemporal deformation during flow.67 Further removed from these defect-centered
approaches are fundamentally different models which begin with a fluid-based descrip-
tion such as mode-coupling theory,68,69 which starts from a liquid-like, many-body
description and predicts the onset of solid-like behavior at high densities and low
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Figure 2.4: Shear transformation zones in an amorphous material under shear. (a)
The green and blue ellipses represent STZs of four atoms. Under a shear stress
the STZs depicted by the blue ellipse can change their collective orientation to the
new configuration shown by the green ellipse. The red arrows show the direction of
movement of the atoms during this transform from one orientational state to another.
(b) At some later time, one of the STZs that was observed at an earlier time is no
longer present in the same location, but new STZs have been created nearby.70
temperatures.
One theory in particular has been able to account for many aspects of the phe-
nomenology of sheared metallic glasses such as strain hardening, the Bauschinger
effect, and the emergence of a yield stress. In this new picture59 the original notions
of “shear transformations” and “flow defects have been extended to provide a specific
set of dynamics for the populations of these transforming regions referred to as “shear
transformation zones” (STZs), illustrated in Fig. 2.4. The STZs are hypothesized to
consist of 5-10 atoms or molecules and possess a set of specific properties:71
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• STZs are orientational in nature: they transform preferentially under a partic-
ular applied stress.
• STZs are two-state systems: after transforming once they can reverse their
transformation, but they cannot continuously undergo repeated transformations
in the same direction.
• STZ transformations may be thermally activated or mechanically driven.
The STZs are, in effect, the transition states that enable these rearrangements.
When an STZ appears, if it is properly oriented with respect to the stress, it rapidly
undergoes a shear transformation. Otherwise, it rapidly disappears, and no irre-
versible deformation takes place. The so-called STZ theory2,4–6,59,72–79 has been devel-
oped greatly since it was first proposed59 and is a general framework for characterizing
plasticity in amorphous materials. The theory is a phenomenological continuum-level
mean-field approximation for flow based on an assumption of local rearrangements of
a material’s structure via the activation of the STZs . Here, STZs are orientational
point defects that mediate plastic flow by accommodating rearrangement. A distin-
guishing feature of the STZ theory is that it is based on a specific model of molecular
rearrangements, which have been observed directly in numerical simulations and ana-
log experiments.2,80,81 The STZs themselves have been postulated to have internal
degrees-of-freedom.2 The STZs not only transform from one orientation to another;
they are created and annihilated during configurational fluctuations at a rate that
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has been shown to be proportional to the rate of energy-dissipation per STZ.72
One critical way the STZ theory differs from its predecessors (and indeed other
theories) is through the introduction of an “effective temperature” that quantifies the
structural changes, i.e. the disordering of amorphous materials when they deform,
in the form of a scalar field. The historical foundation of the concept of effective
temperature can be found in the early theories of glasses,82–89 especially the theories
of free volume vfree which described the intrinsically disordered state of non-crystalline
materials. Those investigators recognized that the relevant definition of free volume
is not an extensive excess volume measured from some densely packed state, but as an
intensive quantity, namely the inverse of the derivative of a configurational entropy
taken with respect to the volume. This is the dimensionless entropy associated with the
mechanically stable molecular positions, without kinetic or vibrational contributions.
This thermodynamic consideration was connected to the picture of local defects, e.g.








where A is a constant with dimensions of volume, and not simply to vfree itself.
2
This idea vfree was further developed and later applied to the statistical mechanics of
athermal materials like powders,90 and other dense, sheared amorphous systems.91,92
The origin of an effective temperature as it specifically relates to the configura-
tional entropy and energy lies in the complex and unusual energy landscape of glassy
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Figure 2.5: A one-dimensional sketch of the potential-energy landscape of the glass
(green) with surface of constant total energy (dashed line). A denumerable set of
low-lying minima at x defines a configurational subsystem described by an effec-
tive temperature, in contrast to the kinetic-vibrational subsystem defined by small
displacements δx from the minima and characterized by the familiar thermalized
temperature. The corresponding non-ergodic phase-space contains many separate re-
gions connected by a relatively few narrow filaments corresponding to the improbable
molecular events like the kind occurring during plastic deformation where transitions
from one energy minimum to another take place.
materials. In particular, for shear-driven amorphous materials below the glass transi-
tion temperature, it has been proposed that the degrees-of-freedom can be separated
into two parts: a set of configurational coordinates describing the mechanically stable
positions of the atoms or molecules in their inherent structures,5,87–89 and a separate
set pertaining to the remaining kinetic and vibrational variables. These two sets of
degrees-of-freedom are thought of as two weakly coupled subsystems (the configura-
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tional subsystem and the vibrational subsystem) of the system as a whole, in analogy
to the usual thermodynamic analysis in which two neighboring subsystems of a larger
system are brought into weak contact.4–6 Figure 2.5 shows a sketch of the potential-
energy landscape of a glass with N atoms, and the corresponding Nd dimensional
phase-space of configurations. The intersection of the system’s surface of constant
energy and the potential-energy landscape defines a subset of local energy minima re-
ferred to as inherent structures, corresponding to particular molecular arrangements
of the N atoms. The configurational subsystem is defined by the denumerable set of
these inherent structures, while the kinetic-vibrational subsystem is defined only by
small displacements from the potential-energy minima. A molecular rearrangement
of the kind that occurs during plastic deformation corresponds to the motion of a
system point from the near neighborhood of one inherent state to that of another.
The few paths in the phase-space which connect the inherent structures are narrow
filaments corresponding to improbable, collective events effecting the transition from
one potential-energy minima to another. Similarly the filaments correspond to saddle
points in the potential-energy landscape.
Perhaps the most important distinction between these two subsystems is the
timescale of each. The kinetic-vibrational degrees-of-freedom are fast and move at
molecular speeds. The configurational degrees of freedom are slow and change on
timescales no shorter than those associated with the molecular rearrangements in
glassy materials. If these two timescales are comparable to one another, then the
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system is in the liquid state and the concept of an effective temperature for the con-
figurational subsystem is irrelevant.5 For a material clearly in the glassy state, it is
the effective temperature that characterizes the structural changes relevant to plastic-
ity. The effective temperature as a continuum field is the coarse-grained continuum
description of the effect of the changing population density and spatial distribution





where Uc and Sc are the material’s potential energy and entropy respectively of only
the configurational degrees-of-freedom, i.e. those degrees-of-freedom associated with
the structure of the material. This is to be distinguished from the usual thermalized
temperature T which accounts for the degrees-of-freedom which relax on timescales
short compared to the observation time. The typical definition of T is applicable to the
fast, i.e. vibrational degrees-of-freedom, but the configurational degrees-of-freedom
are typically out of equilibrium. Above the glass transition, Teff equilibrates with the
ambient temperature T , but as the system falls out of equilibrium at low T below the
glass transition or when molecular disorder is generated by mechanical deformation,
Teff is a descriptor of the configurational subsystem. In analogy to the free-volume
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where Ez is a characteristic STZ formation energy and kB is the Boltzmann constant.
Some limited attempts to experimentally measure an effective temperature for dis-
ordered materials have been made,93 as well as other direct, quantitative comparisons
with experiments of bulk metallic glasses.81 Atomistic simulations of two-dimensional
glasses have already suggested that Teff is linearly related to the local potential energy
per atom,94 and earlier many arguments were made for the existence of the notion
of an effective temperature, related to the entropy, that characterizes the number of
phase-space paths available to the system.76,92,95 Current proposals also exist to use
sophisticated computational tools such as nested sampling to identify and count the




Model of Transient Shear Band
Formation During Flow
3.1 Introduction
Yield stress fluids (YSFs) are ubiquitous in everyday life, and their special prop-
erties have merited intense research.96–104 Examples include gels, clay suspensions,
foams, concentrated emulsions, and colloids. These seemingly distinct substances
exhibit a similar mechanical response when subjected to shear deformation: Below
a critical (yield) stress these materials remain elastic, behaving as solids, but above
this critical stress they are able to deform and flow as viscous liquids. This char-
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acteristic ability makes them extremely sought-after for many applications.105 YSFs
are often categorized by the degree of thixotropy they present. Thixotropic YSFs
have memory and aging effects that lead to a history dependence, marked e.g. by
flow curves that are significantly different when the applied shear rate is ramped up
compared to the ramp down. In contrast, nonthixotropic or “simple” YSFs have
no apparent history dependence over the timescales of observation. More important
is the fact that thixotropic YSFs, regardless of the particular material, easily form
shear bands, regions of highly localized strain, while experiments of simple YSFs re-
port conflicting accounts of the formation of shear bands: In some instances shear
bands are observed and yet in others the system (sometimes the same system) re-
mains completely homogeneous under shear.106–114 These contradictory findings have
prompted investigations of simple YSFs with greater attention to the specific mate-
rial and composition, the shear procedure, and the influence of the geometry of the
apparatuses.
Carbopol gel is widely regarded as a quintessential simple YSF and as such has
generally been believed to transition from the solid to the liquid state uniformly as
a homogeneous system.97,98 Recent Couette-cell experiments of shear in a carbopol
gel have instead revealed the conspicuous formation of transient shear bands before
the gel reaches a uniform steady state characterized by a linear velocity profile and
Herschel-Bulkley rheology.111 More importantly because of the small width of the
particular Couette cell, the shear stress measured in these experiments was observed
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to be nearly uniform across the gap, and the stress gradient was reported to not play
a significant role in the formation of the transient shear band.
The onset of plastic flow in YSFs and other similar materials has been investigated
by other theoretical approaches, but direct, quantitative comparison has been lacking
with regard to shear banding and the process of fluidization. Among these theoretical
frameworks are soft glassy rheology (SGR).115 The SGR model in particular has been
successful in qualitatively describing the general steady-state power-law behaviors
seen in experiments, and criteria have been proposed to characterize the onset of
shear banding.116 It has also been able to capture aging. One drawback of SGR is
that it assumes the existence of a “noise temperature” that controls activation rates of
plastic processes. The physical basis for this noise temperature is however not clear,
and its dynamics have not been derived from fundamental or mesoscale principles.
A minimal theoretical model of a Newtonian fluid using the Krieger-Dougherty
constitutive relation117 has been used to qualitatively model transient shear band-
ing in a Couette-cell geometry. The shortcomings of this approach are that it does
not describe a yield stress or solid-state elastic response, nor does it quantitatively
capture key experimental observations of shear banding in YSFs, i.e. the correct spa-
tial and temporal evolution of the shear band and fluidization times of the system.
More importantly, this model attributes transient shear banding to the nature of the
Couette-cell apparatus itself. Specifically it suggests that the gradient in the stress
field, which exists simply due to a cylindrical geometry, leads to a higher shear rate
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and unjamming of material near the inner cylinder of the Couette cell.
Motivated by the possibility that heterogeneities in the microstructure of the gel
may be the dominant driver of the observed shear band, we propose an alternative
description of the phenomenon of transient shear banding during plastic flow based on
fluctuations in the structure of the gel. We adapt the effective-temperature hypoth-
esis of the shear transformation zone (STZ) theory as a rheological model for shear
localization in a simple YSF. In this description, structural changes described by an
effective temperature6 account for the observed plastic flow. The formation of a tran-
sient shear band is the primary mode of deformation of the carbopol gel. This occurs
simultaneously alongside a distinct, uniform fluidization. We then make quantita-
tive comparisons of stress-time behavior and velocity profiles with recent small-gap
Couette-cell experiments of a carbopol gel.
The STZ theory is a general framework for characterizing plasticity in amorphous
materials, and provides a continuum-level mean-field approximation for flow based
on an assumption of local rearrangements of a material’s structure via the activation
of STZs.2,4–6,59,72–79 STZs are orientational point defects that mediate plastic flow by
accommodating rearrangement. In this paper we use data from the aforementioned
experiments in111 to determine the physical parameters of the theory and make pre-
cise experimental connections. A distinguishing feature of the STZ theory is that it
is based on a specific model of molecular rearrangements, which have been observed
directly in numerical simulations and analog experiments.2,80,81 The present formu-
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lation of the STZ theory has been extended from the original work of Argon43,44 and
his proposal of “shear transformations” to explain plastic deformation in metallic
glasses, as well as from the free-volume and flow-defect theories of Turnbull, Cohen,
Spaepen, and others.46,48 The STZs themselves have been postulated to have internal
degrees-of-freedom.2 The STZs not only transform from one orientation to another;
they are created and annihilated during configurational fluctuations at a rate that is
proportional to the rate of energy-dissipation per STZ.72 A coarse-grained continuum
description of the effect of the changing population density and spatial distribution
of the STZs is defined by an effective-temperature field. In this paper we present
equations of motion for the effective temperature and plastic-strain where the steady
state is set by a Herschel-Bulkley rheology, and no explicit dependence of the STZ
internal variables, local strain rate, or flow history appears.
A flow rule for the plastic component of the rate-of-deformation tensor Dpl, which
we will subsequently call the plastic-strain rate as a matter of convention follows from
the STZ dynamics. For a monotonically loaded, athermal system where there are no
rate-dependent processes such as aging, which compete with the STZ-transition rates,
and where we assume there to be a low STZ density, the flow rule can take the form,
Dpl = Fe−1/χ , (3.1)
where F = F(S) is a monotonic tensor-function of the deviatoric Cauchy stress S. One
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critical way the STZ theory differs from its predecessors (and indeed other theories)
is through the introduction of the quantity χ and its relationship to the effective
temperature Teff discussed in Chapter 2. In the effective-temperature STZ formalism,
the dimensionless scalar field χ is defined as χ = kBTeff/Ez, where kB is the Boltzmann
factor. Although χ is a dimensionless form of Teff we shall subsequently refer to it
as simply “the effective temperature” for readability. Here Ez is a typical energy
required to create an STZ. In the athermal limit the dynamical equation for the




(χ∞ − χ) +Dχ∇2χ . (3.2)
The first term on the RHS in Eq. 3.2 represents a source of plastic work per unit time
that does mechanical work on the structural degrees-of-freedom. The parameter ceff
is the volumetric effective-heat capacity with dimensions of energy per unit volume,
determining the energy input per unit increment of effective temperature. In flowing
regions χ converges to a limiting value χ∞, which represents the steady-state effective
temperature where the work done to shear the structure no longer causes an increase in
disorder. The initial value χo characterizes the structure of the gel in the pre-sheared
state, and ideally would come from an analysis of the microstructural information
of the system’s constituents. In the absence of this molecular-level information, the
form of χo including the mean value and any seeding of fluctuations about the mean
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are usually chosen in a way to best match the macroscopic behavior, e.g. the stress-
strain curves of the material.77–79,81 Although the range of values of χo for a particular
system is significantly restricted by the nonlinear form of Eq. 3.2 and its stability.
The final term in Eq. 3.2 describes the diffusion of the effective temperature
through an effective thermal diffusivity Dχ = keff/ceff with dimensions length-squared
per unit time, where keff is the effective thermal conductivity. Here we consider the
simplified case where Dχ is a constant and diffusion occurs only in the presence of
changes in the gradient of χ. The diffusivity Dχ itself sets a lengthscale for the simu-
lation that is approximately the size of an STZ. We plan to address the general case
of the possibility of a strain-rate-dependent diffusivity in a subsequent paper.
The effective-temperature theory as a rheological model is established in Sec. 3.2.
Section 3.3 presents the results of the small-gap effective-temperature model, making
direct and quantitative comparisons with the recent experimental results of,111 includ-
ing stress, fluidization time, and velocity data. The unique two-state fluidization that
occurs during the transient is described and explained in terms of the dynamics of the
effective-temperature constitutive law. The robustness of the model, as parametrized
for a particular applied shear rate, is discussed in terms of the power-law behavior
found by the experimenters. We conclude in Sec.3.4 with a discussion of the model
and its implications for understanding transients during plastic flow in YSFs, and
comment on the on-going development of this model.
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3.2 Basic Theory
In this section we adapt the effective-temperature definition taken from the STZ
theory for a small-gap Couette-cell system, whose geometry is described in Fig. 3.1a.
The symmetry of the Couette cell allows us to treat the problem as an effectively
one-dimensional system. We deliberately move to the small-gap limit where the
curvilinearity vanishes as shown in Fig. 3.1b. This is consistent with experimental
findings of a negligible inhomogeneity in the stress field across the gap such that
the stress was reported as being uniform.111–114 The complete absence of any stress
gradient in the model allows us to test whether the transient shear banding can be
accounted for purely by a microstructural heterogeneity occurring near the moving
rotor. Indeed, we find that the effective-temperature theory is able to reproduce the
experimental phenomenon in nearly every detail without including the stress gradient.
We further assume that we are in the inertial limit, namely ∇ · S = 0 which is also
consistent with the experimental conditions.
A key experimental observation of the rheology of simple YSFs is that the steady-
state behavior of the system is described by the well-known Herschel-Bulkley (HB)
relation,111–114 and this will be used to determine a flow rule for Dpl.
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3.2.1 Plastic-Strain Rate
The one-dimensional plastic-strain rate ε̇pl from the STZ theory takes the form
ε̇pl = f(s)e−1/χ . (3.3)
We next assume that the steady-state behavior of the gel is given by a HB form,




for some parameters n and A which characterize a system
that begins to unjam and flow plastically when the deviatoric stress s reaches sc, the
critical stress. Here the HB coefficient A has units of Pa·sn, and sets the timescale
for the fluidization of the gel. The plastic-strain rate is related to the measure of
disordering by a function f = f(s). We require that Eq. 3.3, a form of the constitutive
law in the STZ theory, reduce to a HB relation when χ = χ∞. Therefore ε̇
pl in the
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Figure 3.1: a. The edge of the inner Couette-cell cylinder (RI = 23.9 mm) and outer
cylinder edge (Ro) with gel (white) where the gap width w = Ro−RI = 1.1 mm. The inner
cylinder is held at constant velocity vo = 0.77 mm/s. The nucleation of a shear band begins
at RI and then broadens outward in the y-direction. b. The Couette-cell system in the
small-gap limit where the curvilinearity vanishes, transforming the Couette-cell problem to
a simple shear geometry. Here the system is fixed at y = w and driven with speed vo at the
boundary y = 0.
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Upon substituting the expression for f into Eq. 3.3, we arrive at the expression for







This result provides a continuum constitutive-law relating the plastic-strain rate to
the deviatoric stress within the framework of an effective temperature.
3.2.2 Stress Rate
To derive the differential equation for the deviatoric-stress rate we express the
strain rate as the sum of the elastic and plastic components, namely
ε̇ = ε̇el + ε̇pl . (3.8)
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where µ is the shear modulus (with dimensions of stress), and ¯̇γ = vo/w is the average
strain-rate across the gap found by imposing a velocity vo at the inner cylinder. The
shear experiment reported in,111 to which we are seeking to compare in detail, uses a
¯̇γ = 0.7 s−1. We use this rate in all of our simulation results, except for the stress-time
profiles of Fig 3.7 where each curve corresponds to a unique ¯̇γ. Because plastic flow is
the dominant flow process for the transient shear band formation reported in,111 we
have assumed for simplicity that the elastic response is linear and that all non-linear
behavior results from the plastic response. While the ramp-up of the elastic response
is very brief, linear-elastic strains persist throughout the simulation and act to drive
the plastic flow. The shear banding itself is an inherently plastic phenomenon and
the relevant timescale for the transient dynamics comes from the plastic response.
Rearranging we find that










e−1/χ dy . (3.11)
3.3 Model Simulations
The equations of motion (EOM) of the effective-temperature model that we have
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PARAMETERS SYMBOL UNIT VALUE
Herschel-Bulkley exponent n - 0.55
Herschel-Bulkley yield stress sc Pa 29.4
Herschel-Bulkley coefficient A Pa·sn 1.60
Diffusivity Dχ mm
2s−1 10−6
Shear modulus µ Pa 95
Volumetric effective-heat capacity ceff Pa 5 ×103
Steady state χ χ∞ - 0.064
Table 3.1: The parameters characterizing the small-gap effective-temperature model’s
constitutive law are presented with the values found to best match the stress-time
and velocity measurements of the experiments. The “-” denotes the parameter is
dimensionless. A, n, and sc are from the Herschel-Bulkley rheology. The ceff , Dχ,
and χ∞ are from the effective-temperature constitutive model.






















The three nonlinear PDEs take the form of coupled, partial integro-differential
equations which we integrate in time. At time t = 0, s = 0 so that the fluid is
initially unstressed in our analysis. Boundary conditions for χ must also be placed at
the rotor and the outer wall of the Couette cell. We impose a no-conduction boundary
condition ∂χ/∂y = 0, since χ is restricted to the gel itself.
As discussed in the Introduction the initial value of the effective temperature χo
should ideally follow from a detailed analysis of the microstructural information about
the gel. Without such detail, we are left to conjecture an appropriate χo. We began
by following the work of Manning et al.,77 where we assume the initial condition can
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be decomposed into a background term and a fluctuation term about the background
χo = χ
BG
o + δχo . (3.15)
To simulate the disordering of the gel near the inner cylinder (rotor) we chose the
simplest type of fluctuation term—a perturbation near the inner cylinder. Equation
3.15, which is shown in Fig. 3.2 was given the explicit form of a spatially uniform
background χBGo = 0.041, ∀y : 0 ≤ y ≤ w with a perturbation δχo = 0.001, ∀y :
0 ≤ y ≤ 0.05, near the inner cylinder where disordering of the structure would likely
first occur, and thus nucleate a shear band.111 We found that this value for χBGo
generated a stress-time curve that reasonably matched the range from the experiment,
and the value of δχo was as small as possible without inducing purely homogeneous
fluidization. The surfaces of both the inner and outer cylinders also present sites for
structural heterogeneities. The slightly larger stress at the rotating inner cylinder
favors localization there. Indeed, a boundary layer is known to form at the inner
cylinder in the experiments, although we do not explicitly model the layer here.
As discussed earlier, we ignore the stress gradient in our numerical analysis as it is
assumed to be negligible for a small-gap width, other than to preference the nucleation
at the inner cylinder. The ability of this fluctuation at the inner rotor to grow and
lead to strain localization in the form of a shear band depends on both the size of the
perturbation and the average value of χo, in addition to the chosen constitutive law. It
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was shown in detail that small-amplitude perturbations can possibly grow during the
transient regime if χo and its fluctuations meet an explicit criterion.
77 However, even
if they grow, implying that the equation of motion for χ is unstable over some time
interval, it does not guarantee that the fluctuations will form a shear band. According
to,77 the magnitude of χo must be below a limiting value for linear stability during
the transient regime in order for strain localization to be possible. Furthermore
the χo chosen here has a numerical localization number which is within the range
corresponding to at least partial to full strain-localization. We found this χo field
matches experimental width measurements of the shear band at early times, while
also keeping the perturbation at the inner wall small enough to be a linear instability.
Since larger values of the perturbation only enhance localization, we have deliberately
chosen a value that would conceivably test the growth of a linear instability into a fully
developed shear band. Alternatively a universal criterion for shear band formation in
time-dependent fluids has been proposed by116 whereby the shape of the stress-time
curve determines when shear banding can initiate. In particular the condition that
∂γs + γ̇∂
2
γs < 0 was calculated to hold ∀t : t ≥ 3 s. The first noticeable growth in
χ (but not yet reaching χ∞) occurs at 5 s and is shown in Fig. 3.2, exactly after
the linearly elastic regime ends and flow is initiating in the form of a shear band.
This criterion is therefore consistent with the onset of shear banding in the effective-
temperature model.
Table 3.1 contains the values of the parameters which appear in the small-gap
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Figure 3.2: The effective temperature χ at various times during the shear-induced de-
formation of the small-gap model simulation. The initial field χ(y, 0) = χo (heavy black
dashed line) containing a perturbation near the inner wall (y = 0) into a shear band as time
evolves. The increasing value of χ shows the band broadening across the gap (y-direction)
before reaching a uniform steady-state. A strain rate ¯̇γ = 0.7 s−1 is applied at the rotor.
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Figure 3.3: Plastic-strain rates at different times across the gap during the small-gap model
simulation. As plastic strain develops in the gel, ε̇pl takes on a large value near the shearing
rotor (y = 0). As a shear band forms and traverses the gap the system fully fluidizes via a
two-state process, until steady state is reached and everywhere ε̇pl = 0.7, the value of the
applied shear-rate.
model’s EOM. It includes those parameters which arise from the effective-temperature
phenomenology of the model ceff and Dχ, as well as those associated with a HB
Law A, n, and sc. Once the initial effective temperature field χo was chosen and
found to produce results which were within the range of the experimental stress-time
profile, the parameters of the model were fit to the experimental velocity profiles and
fluidization time, and to the precise inflection and shape of the stress-time curve. The
central parameter in the effective-temperature hypothesis is the volumetric effective-
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heat capacity ceff which appears in the equation for χ̇. The quantity ceff has the
physical significance of being the amount of plastic work per unit volume required
to cause a fractional relaxation of χ to its steady state, and its value was found to
significantly determine the fluidization time and the abrupt transition of the entire
system to the steady state. The shear modulus µ was set to match the experimental
stress-time curve.
The experimenters also reported a flow curve in a separate set of experiments
from which they extracted values for a HB steady-state rheology. The values of
these experimentally reported parameters, A = 9.8 (Pa sn), n = 0.55, and sc = 26.9
(Pa) are inconsistent with the experimentally reported “steady-state” condition in
the shear experiment that was used to produce the stress-time curve in Fig. 3.5. This
is in part due to a waiting time of 100s before each stress measurement was made in
the flow curve experiment, compared to the shear experiment, which we are modeling
here, where the steady state does not emerge until 10,000s. The values of A and sc
are also likely dependent upon the particular sample and its preparation while the
exponent n is believed to be more robust. Our constitutive law for the plastic-strain
rate assumes some HB form would also hold at the long-times in the shear experiment,
and hence cannot account for this discrepancy between the two types of experiments.
As a starting point we initially used the HB value for A reported from the flow-curve
experiments and then adjusted it to match the long-time behavior of the experiment
plotted in Fig. 3.5, from which the value of sc was extracted. We also confirm the
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Figure 3.4: Velocity profiles at different times during the small-gap model simulation (solid
curves) compared to experimental measurements at times 27 s (− · −), 1,730 s (−−), and
2,250 s (· · ·). The velocity evolves from a discontinuous profile over the gap, indicating the
coexistence of a shear band with more gradual fluidization in the material outside the band.
There is significant wall slip at early times in the experiments. A nearly linear profile in
the steady state is observed in both the experimental measurements and the simulations.
robustness of the exponent n, as the same value of n = 0.55 reported experimentally
also best matched the data in the model.
In the shear experiment where the rotor’s velocity was held at v = 0.77 mm/s, the
gel was initially prepared to remove memory effects using the same protocol before
each experiment:111 A pre-shear lasting 60 s at 103 s−1 was applied in the clockwise
direction. Then 60 s at 103 s−1 was applied in the counterclockwise direction. The
shear was then instantaneously stopped and the gel was allowed to rebuild for 120 s.
The experiments then involved shearing at a constant rate for 104 s while the stress
45
CHAPTER 3. A SMALL-GAP EFFECTIVE-TEMPERATURE MODEL OF
TRANSIENT SHEAR BAND FORMATION DURING FLOW
was measured. A shear band was observed to nucleate near the rotating inner wall of
the cell. After nucleation the band widened until the onset of fluidization, at which
point the entire gel transitioned to a homogeneously flowing state, revealing a distinct
process of unjamming. During the transient characterized by the broadening of the
shear band, the shear rate and velocity profile of the gel outside the band were found
to be non-zero.
The gel’s restructuring under shear is captured by the evolution of χ during the
numerical simulations. In Fig. 3.2, χ is plotted at different times during the deforma-
tion. The bottom-most, dashed black curve in Fig. 3.2 illustrates χ(y, 0) = χo, the
state before shearing begins. The time-evolution of the plastic-strain rate is described
in Fig. 3.3, and reflects these changes in χ. Central to the theory is the notion that the
local plastic-strain rate depends on the changing state of the amorphous structure,
which is described by χ = χ(y, t) . At any time, χ quantifies the disordering of the
material as it is strained or stirred. In the athermal limit, the time-evolution χ̇ will be
nonzero only if a state of stress greater than a critical stress is present or if there are
spatial variations large enough to activate diffusion through ∇2χ. Stresses above the
critical stress induce microstructural rearrangements which cause χ to evolve towards
its steady-state value χ∞.
In our effective-temperature model the steady state is determined by the two
terms on the RHS of Eq. 3.2, a source term S : Dpl (χ∞ − χ) /ceff and a Laplacian
term Dχ∇2χ which acts to diminish gradients in χ. As such, the steady state simply
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occurs when χ = χ∞, since the Laplacian of χ becomes negligible in the steady state.
As was observed experimentally, the simulations reveal the formation of a shear
band, which nucleates from the perturbation near the inner cylinder and begins to
grow, broadening across the gap. In the simulations this is followed by an abrupt tran-
sition during which the gel reaches a fully unjammed state and completely fluidizes.
We found the value of χ∞ = 0.064 to best match the sudden transition to homoge-
neous flow. The stress-time curve of the simulation also agrees with the experimental
measurements as seen in Fig. 3.5, where in the model the gel undergoes an extremely
brief, linearly elastic regime followed by plastic flow (including the transient shear
banding) until the steady-state stress given by the HB relation is reached. The time
needed for the shear band to grow sufficiently to accommodate the strain rate imposed
across the gel results in the overshoot in the stress that is seen in Fig 3.5. This is
related to the value of the initial condition for the effective temperature. For example,
a stiffer, stronger, more ordered system (lower χo), will have a larger stress-overshoot.
The sudden fluidization of the gel after the formation of the shear band is also
evident in the velocity profiles shown in Fig. 3.4. The portion of the velocity curves
with the significantly steeper slope near the inner cylinder is indicative of a shear band,
while the lower slope near the outer cylinder suggests that the gel outside the shear
band is also gradually flowing as it fluidizes. Experimental measurements confirm
the non-zero velocity for the gel in front of the shear band. Direct, quantitative
comparisons of the velocity profiles of the simulations and the published experimental
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Experiment (Divoux et al.)
Figure 3.5: The deviatoric shear stress as a function of time for the small-gap model and
the experimental stress measurements111 under an applied strain-rate ¯̇γ = 0.7 s−1 at the
rotor. Complete fluidization of the gel is experimentally observed between 2500-3000s, and
is well captured by the simulation.
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data are difficult because of the significant wall slip found in the experiment especially
at early times, effects which are not included in the model. In Fig. 3.4 we have
compared three instances from the simulations against the experimental data with
reasonable agreement as the fluidization time is approached, experimentally between
2500-3000 s.
We see the presence of the two distinct fluidization processes in the model as a
result of the effective-temperature dynamics and the particular form of the consti-
tutive law from the STZ theory that we are using. The equation of motion for χ
takes the form of a second-order parabolic PDE (e.g. the heat equation) with source
and Laplacian terms as seen in Eq. 3.2 or 3.14. In the case of spatially homogeneous








e1/χ∞−1/χ (χ∞ − χ) is a nonlinear, inhomogeneous term in χ.
Here, the function gχ(χ) is similar in form (although asymptotically different) to the
logistic reaction term found in the F-KPP equation that describes solidification and
reaction-diffusion fronts.118–120 In the case of the F-KPP equation, a consideration of
the stability of equilibria reveals that there is one unstable fixed-point corresponding
to a metastable state, and two stable fixed points into which material can be trans-
forming as illustrated in Fig. 3.6. Similarly, gχ also has a stable fixed-point which
corresponds to the shear-banding region where χ has reached the steady-state value
χ∞. But instead of a metastable state outside the shear band, gχ → 0 exponentially,
as χ → 0. Consequently the gel outside the shear band is extremely sluggish, al-
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though it remains subject to gradual fluidization in the presence of a shear stress,
even far from the shear-banding region. Ultimately it is the competition between
the slow fluidization of χ outside the shear band and the forward growth of the
shear band that begins at the inner cylinder, that acts as the crucial element in the
effective-temperature model leading to the sudden transition to homogeneous flow.
From Fig. 3.5 we see the simulation reaches the steady-state stress after approxi-
mately 2,600 s. This is also observed from the velocity profile across the gap shown
in Fig. 3.4. The experimentally reported fluidization time for an applied shear-rate
of ¯̇γ = 0.7 s−1 was also approximately between 2500-3000 s. The experiments re-
port a power law for the fluidization time τf ∼ γ̇−2.3 as a function of the applied
shear rate γ̇ over a range 0.08 ≤ γ̇ ≤ 10 (s−1) using several boundary conditions
and sizes of gap width. The effective-temperature model is able to recover approxi-
mately the same exponent for a subset of the rates from about 0.1 ≤ ¯̇γ ≤ 2.0 centered
on ¯̇γ = 0.7, the specific ¯̇γ for which the model’s parameters have been determined
with w = 1.1mm and where a no-slip boundary condition is implicitly assumed. The
faster the shear rate in the model is, the faster fluidization and homogeneous flow is
reached, and consequently the transient shear band travels a shorter distance across
the gap. Figure 3.7 shows the power-law fit for our simulations. Outside this subset
the τf predicted by the model begins to deviate by about an order of magnitude.
Interestingly however, the experimental fluidization times outside this subset can still
be recovered if ceff is adjusted (re-parametrized) to a lower value for very small shear
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rates, and increased for the largest shear rates. This would imply that the fraction
of plastic work that goes into disordering the gel increases (decreases) as the strain
rate increases (decreases), and the power law of the fluidization time τf ∼ γ̇−α may
arise in part from this aspect of the physics. This could reflect rate effects in the
gel’s mechanical response which cause the gel to accommodate deformation through
structural disordering at high rates that it could accommodate through independent
relaxation processes at low rates. An analysis of the effect of strain-rate dependence
is beyond the scope of the theme of this paper, since the model here has not explicit
rate-independent. We nonetheless think this is an important direction for future
work. To our knowledge no other theoretical models describing the solid-fluid transi-
tion make any quantitative predictions for the fluidization times which agree (within
an order of magnitude) with these experiments over any range of rates.
3.4 Conclusions
We have presented a phenomenological effective-temperature model for the small-
gap limit of Couette-cell shear experiments of a carbopol gel where transient shear
banding is observed. This theoretical model is based on the STZ description, and
results in two distinct fluidization processes: the shear band formation and the si-
multaneously competing homogeneous fluidization. We have made direct, quantita-
tive comparisons with experiments which demonstrate reasonable agreement with the
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stress-time behavior and velocity profiles of the gel.
In this theory, consistent with the interpretation of,111 stress gradients are not the
primary cause of the strain localization or the fluidization. The small-gap limit of
the effective-temperature model strongly suggests that the transient shear banding
and sudden fluidization is primarily a result of microstructural disordering originating
from structural heterogeneities at the inner cylinder of the Couette cell where the rotor
applies the shear. While the gradient is at least negligibly present kinematically,
our analysis suggests that it may play little role in the constitutive relation for a
YSF under shear—and no role for a small-gap system. This is in contrast to other
theoretical descriptions in which the strain localization is directly associated with the
fluidization and comes solely from the non-linear response of the fluid coupled to the
stress inhomogeneity that arises from the cylindrical geometry of the Couette-cell.117
One possible experimental check would be to see if such transient shear banding and
fluidization would take place if the experiment111 were repeated for a different shear
geometry, such as shearing the gel between two parallel plates. The absence of any
normal stresses from the model’s constitutive law suggests to us that such stresses
are not necessary to account for the transient shear banding, as was also found by
the λ-based rheological models discussed in the Introduction.
The effective-temperature theory also improves several aspects of existing visco-
plastic models which lack any notion of a yield stress, a defining physical feature of
YSFs. The mechanical response of the gel is quantitatively well captured by the small-
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gap simulations, as evidenced by the stress-time curve. The small-gap simulations in
this paper reveal the two-stage fluidization seen in experiments, and we have shown
that in the model it is directly attributable to the particular form of the constitutive
law postulated by the effective-temperature theory. The parameters of the theory
provide a physical connection to the thermodynamics of the gel’s structural state
under shear. One open question is the origin of the strain-rate dependence of the
fluidization time for very large and very small rates . A possible explanation is
that the volumetric effective-heat capacity, describing the fraction of plastic work
that disorders the gel and emerges phenomenologically in the effective-temperature
dynamics, is strain-rate dependent and can no longer be approximated as uniform
over a wide-enough range of rates.
The effective-temperature approach that we have proposed offers an important
rheological model for both current and future experiments, and responds to a need
that was identified by the experimenters for developed theoretical models of transient
shear banding in simple YSFs.111 We also believe our approach would benefit from
further development, and are currently investigating an extension of this approach
for finite-gap systems with non-negligible stress gradients. We are also currently
attempting a version of this theory with a rate-dependent diffusivity and steady-state
effective temperature. Beyond this a number of consequential phenomena exist which
we have largely ignored in the present model, e.g. aging and wall slip, both of which
are known to play at least some role in the recent shear experiments of carbopol.
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A generalization of this model and incorporation of such additional physics is also a
matter of our on-going research.
3.5 The Case of Finite-gap Width and Ra-
dially Dependent Stress
As discussed in the Introduction, the ability of the λ-based rheological model in117
to exhibit transient shear banding depends only on the gradient of the stress field
due to the cylindrical geometry of the Couette cell. In the Sec. 3.3 we presented an
effective-temperature description based on the STZ theory of plastic flow in the small-
gap limit where we dealt only with a uniform stress field across the gap. The changes
in the structure of the gel were therefore attributable entirely to the dynamics of the
effective temperature and the growth of an instability. Our small-gap model would
therefore imply that a microstructural process is the likely origin of the transient
shear band. However the influence of the stress-gradient in forming the transient
shear band remains unclear. We now turn to the case of a Couette-cell with a finite-
gap width where a gradient in the stress field contributes to the effective-temperature
dynamics.
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3.5.1 Equations of Motion
To investigate the effect of a radially varying stress in our model, we derive similar
equations of motion for a cylindrical curvature representative of a gap of finite width.
If a shear stress so = so(t) is imposed by the rigid inner-cylinder at RI in Fig. 3.1
(now with cylindrical coordinates so that y −→ r), the resulting stress along the




∀r : RI ≤ r ≤ RI + w (3.16)
The constitutive law for the plastic-strain rate and the effective temperature,

















A similar integration of Eq. 3.8 with respect to the radial position r, yields an
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Experiment (Divoux et al.)
Figure 3.8: The deviatoric stress at the inner cylinder (rotor) of the Couette cell as a
function of time for the finite-gap model and the experimental measurements111 under an
applied strain-rate ¯̇γ = 0.7 s−1.












ε̇pl dr . (3.22)
The equation of motion for ṡ is reduced to determining an equation for ṡo since
it carries all of the time dependence i.e. ṡ = R2I ṡo/r
2. By integrating Eq. 3.8 across
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Figure 3.9: Plastic-strain rates at different times across the gap during the finite-gap model
simulation.












The stress is measured experimentally at the inner cylinder (rotor) and shown in
Figs. 3.5 and 3.8. The gap width of w = 1.1 mm then implies that the variation in
the stress field is at most 8.6%, smallest at the outer cylinder. The initial effective-
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PARAMETERS SYMBOL UNIT VALUE
Herschel-Bulkley exponent n - 0.65
Herschel-Bulkley yield stress sc Pa 25.5
Herschel-Bulkley coefficient A Pa·sn 4.6
Diffusivity lengthscale l2 mm2 0.01
Elastic shear modulus µ Pa 45
Volumetric effective-heat capacity ceff Pa 1.0455× 103
Steady state χ χ∞ - 0.11
Table 3.2: The parameters characterizing the finite-gap effective-temperature model.
The “-” denotes the parameter is dimensionless.
temperature is a uniform value, χ∞ = 0.055, ∀y : RI ≤ y ≤ RI + w across the
gap. The higher stress at the rotor in the finite-gap model replaces the need for a
perturbation in χo at the rotor, instead the variability of the stress initially drives χ
in the vicinity of the rotor to a higher value. This can be seen in Fig. 3.10, where
disordering happens very quickly near the rotor but then plateaus at a value less than
χ∞, after which the disordering concentrates on spreading outward across the gap. A
perturbation similar to that used in the small-gap model was also tested together with
the radially dependent stress and the results differed only negligible from a uniform
χo.
The strain-localization is also apparent from ε̇pl in Fig. 3.9, but remains well below
the very large strain-localization seen in the small-gap model where χ is immediately
driven to χ∞ at the rotor, a clear signature of a shear band and a completely flowing
region. The transition of the gel from the transient shear-banding regime to the
homogeneous steady state, which is well captured by the small-gap model, appears
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to be absent in the finite-gap dynamics.
Couette-cell Gap Width (mm)





















Figure 3.10: The dimensionless effective temperature χ at various times during the shear-
induced deformation for the finite-gap model. The initial field χ(y, 0) = χo (heavy black
dashed line) is uniform across the gap, while the stress varies radially. A shear band develops
early on, plateaus at a value less than χ∞, and then moves across the gap. The behavior is
distinctly different from the small-gap model and the experiments.
Further evidence that the behavior of the evolving structure in the finite-gap
model is in stark contrast to that of the small-gap model is reflected in the velocity
profiles shown in Fig. 3.11. The two, separate fluidization processes identified by the
small-gap model and seen in the experiments are not present here. Instead the ve-
locity of the material outside the moving front does not independently and sluggishly
begin to flow; it remains in a jammed state until it encounters the interface of the
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shear band. As such there is now no mechanism to cause the sudden arrest of the
shear band and spontaneous fluidization of the entire gel. Finally we see the velocity
profile approaches a shape that seems significantly influenced by the 1/r2 form of the
stress field, and not the linear Couette-flow that is expected as the steady state is
approached. The parameters for the finite-gap model are shown in Tab. 3.2.
Couette-cell Gap Width (mm)























Figure 3.11: Velocity profiles at different times during the finite-gap model simulation. The
velocity across the gap does not evolve to a linear Couette-flow profile, and the material
outside the flowing region does not simultaneously unjam.
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Bridging from atoms to continua:
modeling shear deformation in
metallic glass
4.1 Introduction
Metallic glasses are a promising new class of materials possessing many highly
desirable mechanical properties, most notably their high strengths which result from
high yield stresses that are much closer to the theoretical limit than their crystalline
counterparts.121 They are however not without their drawbacks, in particular metallic
glasses fail brittlely, a limitation that curtails their use in structural and technolog-
ical applications. These materials are alloys of two or more elemental constituents
63
CHAPTER 4. BRIDGING FROM ATOMS TO CONTINUA: MODELING
SHEAR DEFORMATION IN METALLIC GLASS
which can be either metallic metalloid. Depending upon which metal is the dominant
component of the alloy, they may be labeled as Zr-based, Al-based, Fe-based, etc.
To emphasize the nature of the constituent elements, they can be characterized as
metal-metal type or metal-metalloid type. Different alloys have different glass-forming
abilities, and good glass formers which can be cast into a fully glassy sample at least
1 mm in its thinnest dimension are conventionally called bulk metallic glasses.122
The potential of metallic glasses as engineering materials would be enhanced sig-
nificantly by an understanding of their behavior at the continuum level with the same
degree of predictability that has long been established for more common crystalline
materials. A well-formulated continuum theory for metallic glasses would have far
fewer degrees-of-freedom (DOF) than detailed atomistic simulations, and would be
capable of providing a computationally efficient description of the mechanical re-
sponse. In particular, it would predict the macroscopic details of plasticity through
an integrable set of field equations under the continuum assumption that a repre-
sentative volume element (RVE) exists. The RVE has been defined as the smallest
material volume element of the system for which the usual spatially constant macro-
scopic constitutive representation is a sufficiently accurate model to represent mean
constitutive response.123 This continuum assumption is equivalent to neglecting the
local heterogeneity of the stresses and strains within the RVE, working with averaged
quantities, as the effects of the heterogeneities act only indirectly through a certain
number of “internal variables”.124 For crystalline materials a great number of meth-
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ods have been constructed using the continuum hypothesis to describe elasto-plastic
behavior, including nonlocal, energy-based, and multiscale frameworks.124,125
Selectively reducing the number of DOF contained in atomistic simulations is es-
sential to a predictive continuum-level description. However, differences in system
complexity and purpose of modeling often lead to difficulties in developing a univer-
sal method for coarse-graining.126 Attempts to formulate generalized coarse-graining
frameworks which account for a wide range of physical phenomena (e.g. elasticity and
electrical conductivity) often result in a complex coarse-graining procedure with large
numbers of parameters and a diminished representation compared to frameworks fol-
lowing a phenomena-dependent focus. Several rigorous methods have been developed
for equilibrium systems where there is a well-defined partition function.127,128 In most
cases of amorphous solids however, their out-of-equilibrium nature precludes such
clear statistical mechanics-based descriptions. Metallic glasses, in particular, deform
in an interesting way. Their high strength leaves them without work-hardening capac-
ity, and to the contrary, they exhibit work softening. The unfortunate consequence
of this is that deformation is sharply localized into shear bands. Shear banding, as
the name implies, is a form of a plastic instability that localizes large shear strains
in a relatively thin band when a material is deformed.121,129 In the study of the
mechanical properties of metallic glasses, the most important phenomena-dependent
focus of any coarse-graining methodology is the ability to capture the formation of
shear bands. A shear band has the ability to broaden and invade the surrounding
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material outside the band which remains nearly undeformed.130–132 Shear bands have
been widely observed in metals, polymers, the earth’s mantle, granular solids, yield
stress fluids, and many other materials, including liquids under shear flow.129 In
metallic glasses shear banding is the primary mode of deformation and failure. At
room temperature, metallic glasses yield via the formation of shear bands, and usu-
ally fail catastrophically with limited compressive plasticity and little or no tensile
ductility.122
In the case of metallic glasses and other out-of-equilibrium materials the nature of
the RVE has not been well investigated and remains largely unknown. As briefly dis-
cussed in Chapter 2 some earlier work has attempted to address the problem of coarse-
graining the amorphous microstructure by connecting the original STZ transition-
rate equations to finite element calculations66,133,134 and evolving the system using
a kinetic Monte Carlo algorithm. Similar techniques have been applied to three-
dimensional systems135 and connections to the realistic timescales of experiments have
been made. Another mesoscale model based on interface pinning-depinning has been
proposed which describes plasticity in amorphous solids by allowing local interfaces
to slip in a random fashion.62 Significant limitations exist with these approaches. In
nearly all cases the RVE is merely taken to be the size of an individual STZ and the
elements of the coarse-grained mesh are assigned a priori some allowed number of
rearrangements, and so the fundamental question regarding how to correctly average
over experimental or atomistic data of the amorphous microstructural has not been
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addressed. Moreover these approaches have no connection to fundamental thermody-
namic considerations which are known to be essential in describing the shear-induced
disordering of the material’s structure during plastic deformation. Only rather mod-
est and tangential comparisons to experiments and atomistic simulations using these
techniques have been shown so far, usually a demonstration that the model can pro-
duce some feature of the deformation qualitatively, such as the presence of a yield
stress or a stress-strain history that is typical of a metallic glass. It is the purpose of
this Chapter to propose a methodology for coarse-graining the discrete, experimental
or atomistic simulation data of an amorphous solid like a metallic glass into a contin-
uum field that is the initial condition to a constitutive law capable of describing the
plasticity common to these materials when subjected to shear.
In this study we preform molecular dynamics (MD) simulations of amorphous
copper-zirconium (CuZr) under an applied shear rate, and we present a preliminary
methodology to coarse-grain the atomistic system with the purpose of identifying and
predicting the onset of shear banding. In Sec 4.2 we present the details of the coarse-
graining methodology and the observed shear banding in the MD simulations. Then in
Sec. 4.3 we define a signal-to-noise ratio and use it to distinguish the shear-band “sig-
nal” from a “background” through a criterion that connects the mechanical response
to the coarse-grained potential energy. Section 4.4 applies this same coarse-graining
procedure to the atomic potential energies of the CuZr glass in the pre-sheared state
to extract an initial condition for the effective temperature field. We compare the MD
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simulation of the shear along side the results of the effective-temperature evolution
and stress-strain history from a two-dimensional quasi-static numerical implemen-
tation of the STZ theory. We conclude in Sec. 4.5 with a discussion of how this
preliminary work can inform future efforts to develop continuum theories of amor-
phous materials where coarse-grained representations of atomistic data are used to
parametrize and validate the material models.
4.2 Coarse-graining Methodology
MD simulations were preformed using the LAMMPS software136 with a well-
established Embedded-Atom-Method (EAM) interaction potential.122 The initial
pre-sheared glass was formed by taking a 50-50 composition of CuZr with 297,680
total atoms and then quenching the equilibrated liquid at a rate of 1011 K/s to a
temperature T = 100K. The system is 400 × 400 × 30 Å, three-dimensional but
thin in the out-of-plane direction (30Å) allowing us to treat the system as effectively
two-dimensional. A non-equilibrium molecular dynamics (NEMD) shear simulation
shown in Fig. 4.1 was preformed by deforming the simulation box of the quenched
glass under simple shear conditions at constant volume and temperature with pe-
riodic boundary conditions in all directions enforced by the SLLOD137 equations of
motion. A timestep of 0.005 picoseconds (ps) and an applied shear rate γ̇ = 10−4
ps−1 were used. The system was held at 100K for the duration of the shear. The
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Figure 4.1: The CuZr NEMD simulation containing 297,680 total atoms with dimensions
401 x 401 x 33Å using an EAM potential and periodic boundaries. The thin dimension is
perpendicular to the shear direction. Local atomic shear strain 2ε12 at: a) 11.5%, b) 15%,
c) 20%, and d) 50% global strain. The initial system was prepared by quenching the CuZr
liquid at a rate of 1011K/s to a temperature of 100K. The glass is then further equilibrated
at 100K under constant pressure, and then sheared at a rate γ̇ = 10−4ps−1 using an NVT
thermostat at 100K. The shear band is evident at 11.5% strain.
69
CHAPTER 4. BRIDGING FROM ATOMS TO CONTINUA: MODELING
SHEAR DEFORMATION IN METALLIC GLASS
NEMD shear simulation revealed the formation of a shear band that formed near the
center of the simulation box. The shear band was aligned with the direction of shear
and continued to broaden as the system was deformed.
The corresponding coarse-grained system is defined by a two-dimensional square
grid of equally spaced continuum points. Initial studies showed that the potential
energies of the Cu and Zr were essentially uncorrelated with one another in the pre-













to weight the contributions of the individual atomic DOF. The function gn is centered
on continuum point α and rn is the distance from α to atom-n within a coarse-grained
region determined by the cut-off radius rcut. The coarse-grained atomic potential








The coarse-graining map is entirely determined by the choice of the parameter c
which sets the width of the gn and hence determines the spatial extent of the MD
data influencing the value of the continuum field. The relationship between c and the
minimum rcut can be determined from a convergence analysis:
• Select a grid of continuum points m×m, and a fixed c, where c < rcut.
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• Choose a large cut-off radius rmax, in this case rmax = 20c, and a set S of
test values for rcut in terms of c, i.e. S = {2c, 3c, 4c, . . . , 8c}. Note s ∈ S and
smax = rmax.
• Using the fixed c, coarse-grain the MD system with weighting function gn.




[Eα(s)− Eα(smax)]2 . (4.3)
where Eα(s) is the coarse-grained potential energy at point α using a particular
rcut from the set S, and Eα(smax) is the energy at point α using rmax
• Find the rcut for which L2 is sufficiently converged. This rcut = rconv defines





so that rcut = qconv c . Figure 4.2 shows the degree of convergence of L2 for
the specific choices of c and rmax. In the case where the potential energy is the
field quantity of interest, L2 norm convergence to better than 1% is indicated
as long as rcut ≥ 3c.
A similar convergence analysis determined the minimum spacing between continuum
points d for a given choice of the coarse-graining width c. Instead of varying rcut
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Convergence of rcut with fixed c, smax = 20c
Cu Atoms c = 8
Cu Atoms c = 32
Zr Atoms c = 32
Zr Atoms c = 8
Figure 4.2: Convergence of ||E(s)− E(smax)||2 indicated that rcut = 3c.
as in the previous analysis, we vary d with the goal of finding α establishing the
relationship d = αc.
• Select a fixed c.
• Select a set S of d spacings (or equivalently a set of grids with a different number
of continuum points), for example
S = {25× 25, 50× 50, 75× 75, }
.
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• Select a maximum density of grid points to be smax corresponding to minimal
spacing dmin.






Here the sum over α again refers to the number and locations of the continuum
points in Eα(smax) and the corresponding points in Eα(s) must be interpolated
from the coarser continuum grid.
• Plot L2 convergence as done for the convergence analysis of rcut, but as function
of s. Figure 4.3 shows the L2 norm as defined above. For a grid of 100 ×
100 points convergence is achieved to better than 0.1%. Two sets of results
are presented, one which counts only the Cu atoms in the system and the
other counting only the Zr atoms. The results support the same conclusion for
achieving the minimal continuum-point convergence.
• Determine α and the relationship dconv = ασo. This procedure should be re-
done for different values of c to ensure that α remains the same. The α should be
a constant if convergence is achieved, and this in turn sets the correct minimum
value of d for a given c. In this case for the initial analysis done where c = 16
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c = 16, smax = 800× 800, 24.5% Strain
Cu Atoms
Zr Atoms
Figure 4.3: Convergence of ||E(s)−E(smax)||2 for smax = 800× 800 points indicated
that dconv = 0.251c.
The application of this coarse-graining procedure to the potential energies of the
pre-sheared glass is relatively straightforward, however during the shear simulation it
is necessary to compute such coarse-grained field quantities at a given timestep. A
proper continuum-level description requires a choice of either Lagrangian or Eulerian
coordinates, and we have chosen a Lagrangian approach in what follows, as this is the
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typical description for solids. In the Lagrangian description, the material points are
defined with respect to a reference configuration and continuum fields are functions
of the reference coordinates X and current time t. In the case of the coarse-grained
potential energy Eα = Eα (X, t). Therefore the MD system is only coarse-grained
based on atomic positions in the initial configuration at t = 0 before shear and the
evolution of these coarse-grained regions is determined by changes in the potential
energies of the atoms pre-assigned to them.
The local atomic strain can also be calculated in a way that is consistent with this
coarse-graining method through an adaptation of the definition of non-affine displace-
ment originally proposed by Falk and Langer.59 The measure of non-affinity is deter-
mined by minimizing the mean-square difference between the actual displacements of
the neighboring atoms relative to the central one and the relative displacements that
they would have if they were in a region of homogeneous deformation. The square of
















The indices i and j denote spatial coordinates xi at time t during the shear and Xj
in the reference configuration. The index n runs over the atoms within the coarse-
graining region α, where n = 0 is the reference atom with coordinates xio and X
j
o ,
chosen to be closest to the centroid of the region. We have found this is a better choice
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than an arbitrary atom which can present computational anomalies for regions with
a small number of atoms or for large strains. Equation 4.5 differs from the original59
in that it is a weighted least-squares formulation, and because it is generalized for
finite deformations. The minimization of D2min fits the deformation gradient tensor











Figure 4.1 shows the shear component 2ε12 at four different global strains
1. The size
of the region α is 50Å. At 11.5% global strain the shear band is apparent and the
shear localization begins to increase. The band also broadens perpendicular to the
applied shear out to 50% where the shear band subsumes nearly half of the system.
4.3 Signal and Noise in Molecular Dynam-
ics
We have developed the coarse-graining methodology of the previous section with
the goals of identifying the mechanical response of the glass in the molecular dynamics
simulations. Specifically, we would like to address the following questions:
1The global strain γ is the total shear strain due to the imposed velocity at the boundary of the
simulation box. It is equivalent to the sum of the shear components of the strain tensor, namely
γ = 2ε12.
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1. How do the atomic potential energies of the glass evolve in specific regions of
the material undergoing differing degrees of deformation?
2. How does the choice of a coarse-graining lengthscale affect the atomic potential
energies in different regions of the material?
3. What is an optimal coarse-graining lengthscale for the prediction of shear band
development in terms of an applicable constitutive theory?
The focus of this section is to provide a means to address questions 1 and 2,
whereby the atomic strain calculation that was described in the previous section is
coupled to an identically coarse-grained set of energy states. In particular we would
like to use this coupling to distinguish the coarse-grained potential energy states inside
the shear band from those outside the band. We also would like to know the effect
of different coarse-grained representations on the identification of states inside and
outside the band. A full discussion of question 3 is deferred until the next section
since this requires a description of the applicable constitutive theory .
A consideration of Fig. 4.1 motivates us to define the shear band as simply the
set of coarse-grained atomic strains that have reached or exceeded the net strain, or
more precisely the signal of the shear band is the set
S = {εα12 | εα12 ≥ γ} (4.7)
where γ is the nominally imposed strain at the boundary. Figure 4.4 shows the
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continuum states in both the signal and background as the system evolves from the
purely elastic ramp-up through the onset of the shear band, and into the flow-stress
regime where the coarse-graining lengthscale c is 50Å. Figures 4.5,4.6,and 4.7 show
the signal and noise for coarse-grained representations where c = 32, 16, and 5Åwhere
the coarse-graining takes place over the Cu atoms of the CuZr system.
The signal and noise plots in Figs. 4.4,4.5,4.6,and 4.7 feature an entirely mechan-
ical response, in the sense that the distinction between signal states and background
states is a binary choice based solely upon whether a given continuum point α has a
local strain that satisfies the criterion of Eq. 4.7. However this criterion for the me-
chanical response of the system can be directly related to the potential energy. The
right side of Figs. 4.4,4.5,4.6,and 4.7 contains histograms of the coarse-grained po-
tential energies at the corresponding continuum points of the signal and background,
identifying the signal and background as two distinct energy distributions.
The emergence of the shear band can be readily seen through the relative changes
in these distributions. In the purely elastic start-up the system is comprised of a
fluctuating mixture of signal and background without any strain localization. The
average of 2εα12 = γ at all times during the deformation to satisfy compatibility.
During the elastic regime the distributions of the signal and background comprise
essentially the same distribution. At 3.5% strain Tabs. 4.3,4.3,4.3,and 4.3 show the
means of the signal and background to be nearly identical, as well as a negligible
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Figure 4.4: Map (left column) of continuum points for a coarse-grained representation of the
Cu atoms where σ = 50Å defining the signal (orange) of the shear band and the background
(blue). Histograms (right column) of the corresponding coarse-grained potential energies in
the shear band and background. Configurations shown at global shear strain: a) 3.5%, b)
9.5%, c) 10%, d) 10.5%, and e) 27.5% global strain.
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Figure 4.5: Map (left column) of continuum points for a coarse-grained representation of the
Cu atoms where σ = 32Å defining the signal (orange) of the shear band and the background
(blue). Histograms (right column) of the corresponding coarse-grained potential energies in
the shear band and background. Configurations shown at global shear strain: a) 3.5%, b)
9.5%, c) 10%, d) 10.5%, and e) 27.5% global strain.
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Figure 4.6: Map (left column) of continuum points for a coarse-grained representation of the
Cu atoms where σ = 16Å defining the signal (orange) of the shear band and the background
(blue). Histograms (right column) of the corresponding coarse-grained potential energies in
the shear band and background. Configurations shown at global shear strain: a) 3.5%, b)
9.5%, c) 10%, d) 10.5%, and e) 27.5% global strain.
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Figure 4.7: Map (left column) of continuum points for a coarse-grained representation of the
Cu atoms where σ = 5Å defining the signal (orange) of the shear band and the background
(blue). Histograms (right column) of the corresponding coarse-grained potential energies in
the shear band and background. Configurations shown at global shear strain: a) 3.5%, b)
9.5%, c) 10%, d) 10.5%, and e) 27.5% global strain.
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where µs and µb are the means of the signal and background, respectively, and σb
is the standard deviation of the background. The SN is also shown in Fig. 4.8 as a
function of global strain for different coarse-grained representations. A proto-shear
band begins to develop at 9.5% strain and the two distributions begin to show a
separation in their mean values. Figure 4.8 shows that while the shear band begins
its initial stages of formation as the system is sheared closer to a strain of 9.5%,
the signal µs − µb appears to first rise above the noise σb (when SN> 1) for c = 50
to 16Å. For the values of c presented here, the value of the noise is also lower as
the representations become coarser. This would suggest a preference for the coarser
representations, with c > 16Å, in capturing the presence of the shear band.
The shear band is fully formed across the system at 10.5% strain, as can be seen at
each level of coarse-graining shown in Figs. 4.4,4.5,4.6, and 4.7. This also corresponds
to the largest SN value, evidenced by both the significant separation in the means
of the distributions as well as the occupation of the highest energy states. Once
the signal and background distributions have distinctly separated, they remain so
throughout the shear simulation. We have observed that once the shear band has
formed at approximately 10.5% strain, the SN tends to monotonically increases with
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c = 5 Å
c = 16 Å
c = 32 Å
c = 50 Å
SN=1
Figure 4.8: The SN as function of global strain for different coarse-grained representations
defined by c in gn. The signal µs−µb exceeds the noise σb only when SN > 1 (dashed line).
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Strain µs µbg σs σbg SN
3.5% -3.3598 -3.3600 0.0004 0.0005 0.4377
9.5% -3.3578 -3.3588 0.0006 0.0007 1.4735
10% -3.3561 -3.3586 0.0009 0.0008 2.9933
10.5% -3.3533 -3.3595 0.0019 0.0012 5.0282
27.5% -3.3542 -3.3591 0.0014 0.0011 4.4564
Table 4.1: The statistics of the coarse-grained energy states in the signal and back-
ground distributions at different strains for a coarse-grained representation where
c = 50Å. The mean µs and standard deviation σs of the signal and the µb and σb of
the background. The signal-to-noise ratio SN = |µs−µb|
σb
defines the strength of the
shear band in the energy background.
Strain µs µbg σs σbg SN
3.5% -3.3599 -3.3599 0.0009 0.0007 0.0456
9.5% -3.3576 -3.3589 0.0010 0.0010 1.2834
10% -3.3553 -3.3588 0.0016 0.0012 2.9560
10.5% -3.3508 -3.3596 0.0027 0.0016 5.5121
27.5% -3.3524 -3.3592 0.0020 0.0014 4.8784
Table 4.2: The statistics of the coarse-grained energy states in the signal and back-
ground distributions at different strains for a coarse-grained representation where
c = 32Å. The mean µs and standard deviation σs of the signal and the µb and σb of
the background. The signal-to-noise ratio SN = |µs−µb|
σb
defines the strength of the
shear band in the energy background.
the width of the coarse-graining as Fig. 4.8 shows. An exception occurs when c = 32
is reached if the Cu atoms are used in the analysis, as has been done in the results
presented here, although this is not statistically significant. A similar analysis of only
the Zr atoms however, reveals a steady monotonic increase in SN after shear band
formation up to the imposed rcut = L/2 required by the minimum image convention.
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Strain µs µbg σs σbg SN
3.5% -3.3598 -3.3600 0.0019 0.0015 0.1307
9.5% -3.3569 -3.3593 0.0020 0.0018 1.2811
10% -3.3544 -3.3590 0.0030 0.0020 2.3322
10.5% -3.3469 -3.3595 0.0039 0.0025 5.0488
27.5% -3.3497 -3.3591 0.0029 0.0023 4.0965
Table 4.3: The statistics of the coarse-grained energy states in the signal and back-
ground distributions at different strains for a coarse-grained representation where
c = 16Å. The mean µs and standard deviation σs of the signal and the µb and σb of
the background. The signal-to-noise ratio SN = |µs−µb|
σb
defines the strength of the
shear band in the energy background.
Strain µs µbg σs σbg SN
3.5% -3.3595 -3.3602 0.0058 0.0058 0.1226
9.5% -3.3558 -3.3599 0.0058 0.0059 0.6920
10% -3.3534 -3.3596 0.0065 0.0060 1.0346
10.5% -3.3431 -3.3594 0.0069 0.0063 2.5906
27.5% -3.3471 -3.3589 0.0058 0.0064 1.8623
Table 4.4: The statistics of the coarse-grained energy states in the signal and back-
ground distributions at different strains for a coarse-grained representation where
c = 5Å. The mean µs and standard deviation σs of the signal and the µb and σb of the
background. The signal-to-noise ratio SN = |µs−µb|
σb
defines the strength of the shear
band in the energy background.
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4.4 Effective-Temperature Model
We now return to the last question raised at the beginning of the preceding section,
namely, is there an optimal coarse-grained representation of the molecular dynamics
potential energy for the purposes of predicting shear band development using the
effective temperature theory described in Sec. 2. The coarse-graining methodology
presented in Sec. 4.2 provides us with the machinery to extract the initial structural
state of the pre-sheared glass via the atomic potential energies as a single, coarse-
grained field. Prior studies of purely two-dimensional Lennard-Jones systems have
suggested that the potential energy is linearly related to the effective temperature Teff
of the glass.94 The effective temperature of the as-quenched glass can then be used as
the initial condition for a continuum model of the evolution of the plastic deformation.
Moreover, the methodology we have developed connecting the atomistic quantities to
a continuum representation allows us to make direct comparisons between the MD
system and the model at any time during the shear deformation.
A flow rule for the plastic component of the rate-of-deformation tensor Dpl follows
from the dynamics of the STZ theory. For a monotonically loaded, athermal system
where there are no rate-dependent processes such as aging, which compete with the
STZ-transition rates described in Sec. 4.1, and where we assume there to be a low
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where F = F(S̃) is a monotonic tensor-function of the deviatoric Cauchy stress in
terms of the yield stress sy, S̃ = S/sy . When ||S|| < sy there are no plastic rearrange-
ments and Dpl = 0. A family of symmetric functions of the stress has been identified
as having the correct properties for F, such as F → 0 when S → 0 and F → F∞ a
finite bound as S→∞.138 Here we have chosen one of the simplest forms







which has worked well in one-dimensional continuum STZ analyses.77 The parameter
1/τo is the inherent attempt frequency of the material, which is close to the Einstein
frequency, and sets a timescale for the “flips” or rearrangments of the STZs. The
average STZ is believed to contain approximately 5 to 10 atoms, and this is denoted
by the value of εo.






where kB is the Boltzmann factor. Although χ is a dimensionless form of Teff we shall
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subsequently refer to it as simply “the effective temperature” for readability. Here
Ez is a typical energy required to create an STZ. In the athermal limit the dynamical




(χ∞ − χ) +∇ ·Dχ∇χ . (4.12)
The first term on the RHS in Eq. 4.12 represents a source of plastic work per unit time
that does mechanical work on the structural degrees-of-freedom when the ||S|| > sy .
The parameter co determines the fraction of plastic work that increases the effective
temperature. In flowing regions χ converges to a limiting value χ∞, which represents
the steady-state effective temperature where the work done to shear the structure no
longer causes an increase in disorder.
The initial value χo characterizes the structure of the glass in the pre-sheared
state, and ideally would come from an analysis of the atomistic information of the
system’s constituents. In the absence of this per-atom information, the form of χo
including the mean value and any seeding of fluctuations about the mean are usually
chosen in a way to best match the macroscopic behavior, e.g. the stress-strain curves
of the material. The ability of the fluctuations in χo to grow and lead to strain
localization in the form of a shear band depends on both the size of the fluctuations
and the average value of χo,
77,116 which underscores the need for χo to capture the
structural state of the pre-sheared glass with the appropriate level of physical detail.
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Figure 4.9: The initial condition of the effective temperature in the STZ theory χo using
different coarse-grained representations: a) c = 50Å, b) c = 32Å, c) c = 16Å, and d) c = 5Å.
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Previous STZ-theory approaches that have attempted to model the NEMD shear
deformation of Lennard-Jones glasses have relied upon postulating a value for χo a
priori without directly extracting it from physical atomistic data, such as the potential
energies.77–79,81 These STZ-effective-temperature simulations were also entirely one-
dimensional, but nonetheless have provided important guidance for the development
of more sophisticated techniques. Although the range of values of χo for a particular
system is significantly restricted by the nonlinear form of Eq. 4.12 and its stability.
The final term in Eq. 4.12 describes the diffusion of the effective temperature
through a rate-dependent effective thermal diffusivity Dχ = l
2
√
Dpl : Dpl with di-
mensions length-squared per unit time, where the lengthscale l is approximately the
size of an STZ (on the order of a molecular lengthscale). Because Dχ is a function
of the plastic rate-of-deformation, the diffusivity is inhomogeneous and the effective
temperature diffuses at different rates in different regions of the material. For ex-
ample, in regions where the local plastic-strain rate is larger, so too is the value of
Dχ.
In this work we have made the specific assumption that the individual atomic
potential energies En can be linearly related to an effective temperature by
χn = β (En − Eo) . (4.13)
This is perhaps the simplest assumption that could be made for χ. Prior investigations
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have suggested that this is indeed the correct relationship for a simple Lennard-
Jones system,94 and a generic, though not necessarily linear relationship, also follows
from the notion of a specific heat-like quantity relating potential energy to effective
temperature. This is to say that as with the familiar thermal temperature T , which
can be defined in terms of a specific heat that is nearly uniform over some finite range
of T , it is assumed that a similar relationship is valid for the effective temperature in





where κeff is the effective heat capacity. Direct integration of this definition with
Eq. 4.11 results in the mapping given by Eq. 4.13 and that β = kB/Ezκeff . The
reference energy Eo corresponds to a state of low disorder in the glass where Teff can
be taken to be zero. Ideally this would be the crystalline phase of the quenched liquid.
For the 50-50 composition used here, the CuZr system has no stable crystalline phase
at T = 100K, the value of T during the shear. As such we have treated β and Eo
as parameters which we have adjusted to best connect the model’s predictions with
analysis of the MD.
An atom n with potential energy En is mapped to a value of effective temperature
χn through Eq. 4.2,
χMDn = β
(
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Here Eel is the per-atom elastic-strain energy determined by a fit to the parabolic
realm of the system’s total potential energy density U as a function of shear strain
ε12, since the linear-elastic strain energy is given by U =
1
2
Cijklεijεkl, where Cijkl is
the Hookean-elasticity tensor. The effective temperature however is a measure only of
plastic rearrangements and therefore Eel has been removed from En and hence from
contributing to χMDn . This is an approximation that becomes an exact correction in











Figure 4.9 shows the result of applying Eq. 4.16 to the as-quenched configuration of the
glass, yielding coarse-grained representations of the system before shear χMDα (γ = 0)
for different c. The same procedure described in Sec. 4.2 for Eα is applied to deter-
mine χMDα for all subsequent configurations during the shear with the same weight-
ing and averaging in Eq. 4.16 used for the pre-shear system. The left column of
Figs. 4.10,4.11,4.12, and 4.13 shows the evolution of χMDα at various strains during
the shear. Here we have considered only one of the species when applying Eq. 4.15,
and have arbitrarily chosen the Cu atoms, although we have found that choosing ei-
ther species gives very similar results for a particular gn, including the signature of the
shear band. This would imply that both species contain similar, relevant structural
information. Also while only the Cu-atoms are explicitly treated in this analysis, we
note that the Cu-Zr-interactions are still present through the potential energies of the
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PARAMETERS UNIT Value
Yield stress sy GPa 0.85
STZ size εo - 10
Inverse attempt frequency τo ps 0.1
Elastic shear modulus µ GPa 20
Plastic-work fraction co - 0.3
Global shear rate γ̇ ps−1 10−4
Table 4.5: The parameters of the STZ effective-temperature model used in all coarse-
grained representations. The ‘-’ indicates the parameter is dimensionless.
c l χ∞
50 Å 4.01 Å 0.13
32 Å 8.04 Å 0.13
16 Å 12.06 Å 0.097
5 Å 12.06 Å 0.090
Table 4.6: The values of the diffusivity lengthscale l and the steady-state effective
temperatureχ∞ for different coarse-grained representations defined by c.
Cu-atoms. Ultimately this set of χMDα in the pre-shear configuration defines a field
which is the initial condition χo for the continuum STZ model.
Recently a numerical method for simulating the deformation of elasto-plastic ma-
terials in the quasi-static limit has been developed139 by building on a mathematical
correspondence with the incompressible NavierStokes equations. It is well-suited for
a large class of materials, which typically undergo small elastic deformations and fea-
ture large elastic wave speeds, making many plastic deformation problems intrinsically
quasi-static. In such situations, this method allows simulating realistic loading rates,
which would be prohibitively computationally expensive using explicit methods.70
Here we use the methodology of Sec. 4.2 to provide an initial condition for the
94
CHAPTER 4. BRIDGING FROM ATOMS TO CONTINUA: MODELING










Figure 4.10: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ where the
system is coarse-grained using c = 50Å at: a) 5%, b) 9.5%, c) 10.5%, d) 15.5%, e) 27.5%,
f) 42%, and g) 49.5% global strain.
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Figure 4.11: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ where the
system is coarse-grained using c = 32Å at: a) 5%, b) 9.5%, c) 10.5%, d) 15.5%, e) 27.5%,
f) 42%, and g) 49.5% global strain.
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Figure 4.12: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ where the
system is coarse-grained using c = 16Åat: a) 5%, b) 9.5%, c) 10.5%, d) 15.5%, e) 27.5%, f)
42%, and g) 49.5% global strain.
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Figure 4.13: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ where the
system is coarse-grained using c = 5Å at: a) 5%, b) 9.5%, c) 10.5%, d) 15.5%, e) 27.5%, f)
42%, and g) 49.5% global strain.
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c β U oc
50 Å 9.5 -3.367 eV
32 Å 6.1 -3.371 eV
16 Å 2.3 -3.39 eV
5 Å 0.92 -3.44 eV
Table 4.7: The values of β and U oc in the potential-energy mapping to effective tem-
perature given by Eq. 4.15 for different coarse-grained representations defined by c.
effective-temperature field and then simulate the continuum STZ model using the
two-dimensional quasi-static numerical implementation described above. The quasi-
static condition requires
∇ · σ = 0 . (4.17)
and is equivalent to the inertial limit where σ is the Cauchy stress tensor. This
numerical approach is most suitable for materials that can be well-described by the
additive decomposition of the rate-of-deformation tensor into elastic and plastic parts,
namely
D = Del + Dpl , (4.18)
and is the assumption we have made here. The model can be solved by connecting
the flow rule for the plastic-strain rate to Newton’s laws for deformable bodies by
σ̇ = C : Del = C : (D−Dpl) (4.19)
where C is the Hookean-elasticity tensor.
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The values of the parameters of the effective-temperature model are summarized
in Tab. 4.5, which are the same across simulations of different coarse-grained initial
conditions. The elastic shear modulus was matched to the linear-elastic regime of the
atomistic simulation, and the values of εo and sy were taken from previous investi-
gations of metallic glasses.70,139 The fraction of plastic work co and the diffusivity
lengthscale l were chosen to best match the stress-strain curve shown in Fig. 4.18,
in particular matching the stress overshoot and the softening behavior. The values
of co and l were first determined for the case where c = 50, as it seemed to deliver
the closed agreement with the observations of the MD system. The values in the
mapping described by Eq. 4.15, β and U oc , were chosen so that the initial condition
χo = χ
MD
α (γ = 0) effected the best agreement between the NEMD simulation and
continuum-STZ model and vary slightly as function of c as summarized by Tab. 4.7.
The choice of β and Uc was found to have the most dramatic effect on the behavior of
the model, and initially these values were chosen to be within the range of previous
work77 and then adjusted to best fit each simulation. The diffusivity and steady-state
condition χ∞ were minimally adjusted for simulations of different c in order to best
track the evolution of χMDα and to maintain numerical stability arising from the value
of l. The values l and χ∞ are shown in Tab. 4.6. The steady-state condition for the
effective temperature χ∞ comes from an estimated average of χ
MD
α inside the flowing
region of the shear band at approximately γ = 50% strain. The average of the flowing
region varied slightly for different values of c.
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The right column of Figs. 4.10,4.11,4.12, and 4.13 shows the effective temperature
of the model evolving as the system is sheared from a coarse-grained initial condition.
At 10.5 % strain the shear band which is readily apparent in χMDα of the NEMD
simulation, is somewhat delayed in χ of the continuum model. The increase in χ in
the model near the center does indicate the formation of a shear band, but this is not
continuous across the system until about 11.5% strain, and takes slightly longer to
reach χ∞ in the center of the band. Figures. 4.14,4.15,4.16, and 4.17 shows the value
of χMDα and χ as a one-dimensional slice at x1 = L/2, and highlights the sharpest
contrast among the different coarse-grained representations and their effect on the
predictability of χ in the continuum description. Coarser representations, i.e. c = 50
and c = 32Å certainly appear to better capture the size (width) and location of the
shear band, while finer coarse-grained representations lead to a proliferation of noise
that in turn leads to numerous individual shear bands and a subsequent system-wide,
uniform disordering that is not reflected in the NEMD simulations.
Figure 4.18 shows average of the shear stress S12 in the continuum model for
different c as well as the NEMD simulation. This comparison of the macroscopic me-
chanical response lends additional support to notion that the coarser representations
provide a more accurate continuum picture, which was also apparent from the earlier
comparisons of the structural evolution. The onset of the shear band in all continuum
simulations occurs during the softening regime where plastic rearrangements intensify
before reaching their steady-state density at the flow stress.
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Figure 4.14: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ along
x1 = L/2 where the system is coarse-grained using c = 50Å at: a) 5%, b) 9.5%, c) 10.5%,
d) 15.5%, e) 27.5%, f) 42%, and g) 49.5% global strain.
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Figure 4.15: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ along
x1 = L/2 where the system is coarse-grained using c = 32Å at: a) 5%, b) 9.5%, c) 10.5%,
d) 15.5%, e) 27.5%, f) 42%, and g) 49.5% global strain.
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Figure 4.16: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ along
x1 = L/2 where the system is coarse-grained using c = 16Å at: a) 5%, b) 9.5%, c) 10.5%,
d) 15.5%, e) 27.5%, f) 42%, and g) 49.5% global strain.
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Figure 4.17: The coarse-grained effective temperature of the NEMD shear simulation (left
column) χMDα and the effective temperature of the STZ theory (right column) χ along
x1 = L/2 where the system is coarse-grained using c = 5Å at: a) 5%, b) 9.5%, c) 10.5%, d)
15.5%, e) 27.5%, f) 42%, and g) 49.5% global strain.
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Continuum c = 50Å
Continuum c = 32Å
Continuum c = 16Å
Continuum c = 5Å
Figure 4.18: The average shear stress S12 of the CuZr MD simulation (dashed curve) and
continuum effective-temperature theory (solid curves) for different coarse-grained initial
conditions χo.
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4.5 Conclusions
We have presented a study of shear banding using NEMD simulations and a two-
dimensional numerical implementation of the continuum STZ effective-temperature
theory. The coarse-graining methodology used in this work has been developed with
the phenomena-dependent focus of capturing the primary mode of deformation of
metallic glasses, shear banding. The methodology is an attempt to identify and
directly link the atomistic descriptors of the system, e.g. the local potential energy,
to the initial condition for the effective-temperature in the STZ model to develop a
well-informed, predictive continuum description of the plasticity.
In the STZ theory the effective temperature is the continuum-based measure of
the shear-induced disordering of a material’s structure, and as per its definition with
respect to the configurational energy and entropy of the system, should evolve mostly
closely with the material’s potential energy. We have found that to be the case here,
but also that the continuum model’s accuracy is significantly dependent on the how
the atomic information is coarse-grained, which affects the properties of the resulting
initial condition and the ability to make one-to-one comparisons between the coarse-
grained NEMD and the effective temperature theory. Our analysis indicates that
coarser-grained representations between c = 50 − 32Å appear to best resolve the
variations in the atomic potential energy data so that an instability in χo can grow,
diffuse, and saturate in a way that corresponds accurately to the NEMD results..
Both the location and width of this flowing region in the effective-temperature model
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compare well with the corresponding changes in χMDα when c = 50 and c = 32 Å.
Moreover, the difference in strain between the onset of a fully formed shear band that
is continuous and visible across the MD system and that observed in the effective-
temperature model is approximately 5-6% as seen in Fig 4.10c-d. The results of
the STZ-effective-temperature modeling in this study are the only we know of in
which model validation has been derived directly from atomistic simulation. Both the
microstructural evolution and the stress-strain response have been directly compared
with the results of the NEMD simulation, which itself employs a well-established
EAM potential.
Despite a good deal of measurable agreement using the methodology presented
here, this analysis is incomplete and has left us with a number of important questions.
The optimal lengthscale for the coarse-graining, i.e. what the value of c in gn should
be, is not completely clear. While the value of SN increases with c after the shear
band forms, analysis of SN does not provide clear guidance as to the selection of a
unique optimal c, although it does indicate that there is may be a minimal value
of c. A study of the range of the parameters β and U oc corresponding to initial
conditions coming from the coarse-grained atomistic data that lead to shear banding
would be beneficial in guiding constitutive theory development, but also, eventually,
in guiding alloy development. Criteria for the ability of a single perturbation off a flat,
uniform χo to grow and localize into a shear band in one-dimension have already been
preformed.77 More generalized criteria still need to be developed to apply to the two
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and three-dimensional coarse-grained atomistic data under non-idealized conditions,
e.g. where there exist fluctuations from the background with a non-zero mean. An
understanding of this sort could connect the level of coarse-graining directly to the
initial condition, and allow acceptable levels of coarse-graining which optimize shear




This thesis has examined the role of effective temperature as a continuum descrip-
tion of plasticity in two glassy, but yet distinct material systems, a carbopol gel and
a metallic glass. In this final chapter a we briefly review the main themes of what
has been presented in this thesis and discuss possible avenues of future work.
In Chapter 3 a rheological model using an effective temperature was presented to
describe transient shear banding during Couette-cell shear of a carbopol gel. Direct
and quantitative comparisons with published experimental measurements were made,
as well as an analysis of the two-state fluidization of the gel which followed from
the dynamics of the effective temperature. This is the first time that the effective-
temperature physics as developed in the context of the STZ theory has been applied
to the rheology of complex fluids, and one of the very few instances where it has
been used to make direct comparisons with experiments in terms of fundamental
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properties of the system, e.g. velocities and shear-band widths. As noted in Chapter
3 a number of assumptions and simplifications were made, which could be replaced
with more complete generalizations to provide a more robust and capable model.
Throughout Chapter 3, we have assumed that the diffusivity Dχ and steady-state
value χ∞ of the effective temperature are fixed constants for the system. While we
believe this is a good approximation for the specific case of the small-gap system that
we have examined in detail, the effective-temperature framework of the STZ theory
strongly suggests that these quantities should in general depend on the local shear
rate. The more physical picture thus requires that Dχ and χ∞ be functions of the






was implemented in the two-dimensional analysis of the metallic glass should have a
interesting effect on the growth of the width of the transient shear band, since Dχ
is the only physics in the model responsible for increasing the spatial extent of the
transient shear band through a relaxation of χ. Similarly a rate-dependent steady
state χ∞ = χ∞(D
pl
ij ) could profoundly influence the fluidization time as well as the
inter-facial profile. The rate dependence in χ∞ causes regions with different local D
pl
ij
to evolve to different steady-state effective temperatures. Studying these effects for
the parameter regime of the carbopol gel is complicated by a very stiff set of equations
of motion which, even in the one-dimensional model of Chapter 3, required the used
of MATLAB’s stiff integrator with an adaptive timestep.
One important physical phenomena not accounted for in the effective-temperature
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model of the carbopol gel experiments are wallslip and aging. Wallslip is by far a more
dominate feature that a more sophisticated description might seek to characterize.
The experimental reports noted that wallslip occurs in nearly every type of Couette-
cell experiment preformed, and is nearly impossible to eliminate even by imposing
rough boundary conditions, e.g. sandpaper on the rotor. A boundary layer almost
immediately forms at the rotor as the shear is imposed. The experimenters have
indicated that this observation suggests a yielding mechanism where the initially
solid-like material suddenly fails at the inner wall (rotor) independently of boundary
conditions and leaves a strongly sheared lubrication layer at the rotor which then
fluidizes the solid-like sample.111 A model which accounts for this, possibly through
a modification of the velocity field, should be able to more accurately compare with
experimental data.
In Chapter 4 we presented the results of molecular dynamics simulations of a
metallic glass under shear where strain localization appears in the form of a shear
band. A methodology to coarse-grain the discrete atomistic data from the simula-
tions was also presented, and a criterion using the local atomic strain was devised to
identify which regions of the coarse-grained representation of system are part of the
shear band and which are outside the band. From this distinction, distributions of
the coarse-grained potential energies within the shear band and in the surrounding
material were extracted as the system deforms under a uniform, global strain-rate.
The statistics of these distributions were used to extract a signal-to-noise ratio, and it
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was observed that just prior to the formation of the shear band, there is a preference
for wider (coarser) coarse-graining schemes. Using this methodology a continuum
STZ effective-temperature model was initialized from a coarse-grained representa-
tion of the atomistic system, and the continuum model was directly compared to
the atomistic simulations during the imposed shear. As was suggested by the signal-
to-noise results, initial conditions of the effective temperature coming from coarser
representations best predict the behavior seen in the atomistic simulations.
As was noted in Chapter 4 however, the coarse-graining methodology for the study
of the sheared CuZr system invites a great deal of further study. The most immediate
extension of what has been presented in this thesis, is to consider an initial condition
for the continuum model coming from the Zr atoms, and assess the consistency of
the effect of the various coarse-graining lengthscales. Ideally this should be followed
by a consideration of both species in determining the initial effective-temperature
field, along with an appropriate understanding of the parameters involved in such a
transformation that combines both Cu and Zr species into a unit of effective tem-
perature. Another important pending study is the universality of the optimal range
of coarse-graining lengthscales found here. For instance, the effect of the size of the
system has not yet been investigated, and it is not clear for the specific system that
was studied, what the upper bound for the coarse-graining lengthscale is. Similarly
prepared systems should be studied with larger system sizes and the effect of a wider
range of coarse-grained representations should be investigated.
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The ability of a given initial state in the STZ effective-temperature theory to lead
to strain localization has been investigated in prior work, as discussed in Chapter 4.
However these important earlier investigations are restricted to idealized cases, i.e.
where the initial effective temperature has a single perturbation off of a uniform, flat
background. In these cases a deformation map was constructed that related the ini-
tial condition and the amplitude of the perturbation to the degree of localization. An
important new direction of possible future work coming from the results of Chapter 4
is a similar analysis which connects a realistic initial condition where there are many
fluctuations of non-zero mean off of this background to the ability to form a shear
band. What is the appropriate measure in this case where there are many “perturba-
tions” of varying size? A more detailed study aimed at producing a well-formulated
deformation map which addresses this question could also shed light on the appro-
priate coarse-graining lengthscale, since this choice is critical in preparing the initial
condition to generate such a map.
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[68] W. Götze and L. Sjögren, “Relaxation in supercooled liquids,” Rep. Prog. Phys.,
vol. 55, p. 241, 1992.
[69] J. Brader, T. Voigtmann, M. Fuchs, R. Larson, and M. Cates, “Glass rheology:
From mode-coupling theory to a dynamical yield criterion,” PNAS, vol. 106,
p. 15186, 2009.
[70] C. Rycroft and F. Gibou, “Simulations of a stretching bar using a plasticity
model from the shear transformation zone theory,” J. Comp. Phys., vol. 231,
p. 2155, 2012.
[71] M. Falk, J. Langer, and L. Pechenik, Toward a Shear-Transformation-Zone
Theory of Amorphous Plasticity, vol. 1. Springer, The Netherlands, 2005.
123
BIBLIOGRAPHY
[72] L. Pechenik, “Dynamics of shear-transformation zones in amorphous plasticity:
Nonlinear theory at low temperatures,” Phys. Rev. E, vol. 72, p. 021507, 2005.
[73] L. Pechenik and J. Langer, “Dynamics of shear-transformation zones in amor-
phous plasticity: Energetic constraints in a minimal theory,” Phys. Rev. E,
vol. 68, p. 061507, 2003.
[74] E. Bouchbinder, “Effective temperature dynamics in an athermal amorphous
plasticity theory,” Phys. Rev. E, vol. 77, p. 051505, 2008.
[75] E. Bouchbinder and J. S. Langer, “Shear-transformation-zone theory of linear
glassy dynamics,” Phys. Rev. E, vol. 83, p. 061503, 2011.
[76] J. Langer, “Dynamics of shear-transformation zones in amorphous plasticity:
Formulation in terms of an effective disorder temperature,” Phys. Rev. E,
vol. 70, p. 041502, 2004.
[77] M. Manning, J. Langer, and J. Carlson, “Strain localization in a shear trans-
formation zone model for amorphous solids,” Phys. Rev. E, vol. 76, p. 056106,
2007.
[78] M. Manning, E. Daub, J. Langer, and J. Carlson, “Rate-dependent shear
bands in a shear-transformation-zone model of amorphous solids,” Phys. Rev.
E, vol. 79, p. 016110, 2009.
124
BIBLIOGRAPHY
[79] J. Langer and M. Manning, “Steady-state, effective-temperature dynamics in a
glassy material,” Phys. Rev. E, vol. 76, p. 056107, 2007.
[80] M. Lundberg, K. Krishna, N. Xu, C. O’Hern, and M. Dennin, “Reversible
plastic events in amorphous materials,” Phys. Rev. E, vol. 77, p. 041505, 2008.
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[91] A. Lemâıtre, “Rearrangements and dilatancy for sheared dense materials,”
Phys. Rev. Lett., vol. 89, p. 195503, 2002.
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